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1889 engraving by William Allen Rogers for Harper’s Weekly magazine. GRAND STREET, NEW YORK, AT NIGHT
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Sinusoids

v(t) =

V., sin(wt + ¢)

V,,, = the amplitude of the sinusoid

w = the angular frequency in radians/s

(wt + @) 1s the argument
¢ 1s the phase

_2m
v(t+wT)—v(t)
1
"1
= 2mf

L']:n y
#

[ -

vy =V, sin wt

/

=V sin(wt + ¢)



Example
Find the amplitude, phase, period, and frequency of the sinusoid

v(t) = 12 cos(50t + 10°)

The amplitude 1s V,, = 12 V.
The phase is ¢ = 10°.
The angular frequency is w = 50 rad/s.

_ 27T 27T
The period T = — = 50 = 0.1257 s.

w

1
The frequency is f = T 7.958 Hz.



continued...

Calculate the phase angle between v; = —10 cos(wt + 50°) and v, =
12 sin(wt — 10°). State which sinusoid is leading.
v; = —10 cos(wt + 50°) sin(wt = 180°) = —sinwt
. o . cos(wt = 180°) = —coswt
= 10 sin(wz + 507 — 90 sin(wt = 90°) = *coswt
= 10 sin(wt — 400) cos(wt £ 90°) = Fsinwt

v, = 12 sin(wt — 10°)
UzleﬁdSlﬁ_by'30?

Red: v1
Blue: v2




Phasors

Imaginary axis

» Real axis

z=x 1)y

c= /o

7z = re’?

= \/x2+y2,
X = rcos o,

Rectangular form
Polar form

Exponential form

Ly

= tan  —
¢ X

y = rsing




Some Basic Operations of Complex Number

Given the complex numbers 21 -+ I = (x 1 + xz) + j(yl + yz)
z=x+tjy= 7’&.

z1=x1 +jy1 =r/d 21 — 22 = (X —x) + 1 — y2)
=Xty =1/, z1z2=r1r2/¢>l+qb2
‘L _ _
A
1 1
Py

7F=x—jy = r/—d) = ye /?




Euler’s Identity and Phasor Representation
e ’? = cos¢p = jsing
COSp = Re(e’?) /
SIn ¢ = Im(e’?) <

v(t) = V,, cos(wt + @) = Re(Vmej(‘”H‘i’))

= Re(V,,e’%e’®) —— \

V=V e?*=V_ & ‘,
v(t) = Re(Ve’™) —




continued...

v(t) =V, cos(wt + @)

(Time-domain

representation)

<~

V=V,/¢

(Phasor-domain

representation)

* v(t) is time-domain representation, while V is frequency or phasor-
domain representation.
* v(t)is time dependent, while V is not.

* v(t)is always real, while V is generally complex.

@
dt

(Time domain)

<~

joV

(Phasor domain)

fvdt

(Time domain)

v
<~ D
J(,t)

(Phasor domain)




Example

Transform these sinusoids to phasors:
(a) i = 6 cos(50r — 40°) A
(b) v = —4sin(30r + 50°) V

(a) I=06/-40°A

(b) v = —4 sin(307 + 50°)

4 cos(30r + 50° + 90°)
= 4 cos(30r + 140°)

V =4/140°V




continued...

Find the sinusoids represented by these phasors:
@)1 =—-3+j4A
(b) V = j8e 7?7V
(a) I = =3 + j4 = 5/126.87°
i(t) = 5 cos(wt + 126.87°) A
(b) V = j8/—20°= (1/90°)(8/—20°)
= 8/90° — 20°
=8/70°V
v(t) = 8 cos(wt + 70°) V




continued...

Using the phasor approach, determine the current i(f) in a circuit

described by the integrodifferential equation
~ d.
4i + 8 | idt — 3—1 = 50 cos(2t + 75°)
] dt
31 | .
41 + — — 3jwl = 50/75
Jw
But w = 2
I4 — j4 — j6) = 50/75°

50/75° 50/75°
4 —j10 10.77/-68.2°
i(t) = 4.642 cos(2t + 143.2°) A

= 4.642/143.2° A




(1) Resistor:

Phasor with

I
E—

+4
O,
|I

Elements

I, cos(wt + ) |ImL = 1

» R U = IR
= RI,, cos(wt + @)
v=IR V — le& A
V =RI \

Current and Voltage are in phase.




continued...

(2) Inductor: :

_...-

Im A dt

<
|

i = I, cos(wt + @)

di
L_

dt
—wlLl,, sin(wt + @)
wlLl,, cos(wt + ¢ + 90°)
wLl,, /¢ + 90°

JoLl

Current lags Voltage by 90°



continued...

(3) Capacitor: !

: v(t) =V, sin(wt + @)
- _ Cdv
" — l — S
dt
- I =jwCV
: dv
Im A 1=C E — I
\ JoC
I
Y Current leads Voltage by 90°
¢




Example

The voltage v = 12 cos(60r + 45°) is applied to a 0.1-H inductor. Find
the steady-state current through the inductor.

» = 60 rad/s V =12/45°V

For the inductor, V = jwll
V 12 /45° 12 /45°
joL  j60 X 0.1 6/90°
=2/—45° A

() = 2 cos(60r — 45°) A




continued...

[f voltage v = 6 cos(1007 —30°) 1s applied to a 50 i F capacitor, calculate
the current through the capacitor.

o = 100 V = 6£-30°
For the capacitor, V = 1/ (joC)
I =j0oCV
= (j100)(50x10°)(6.£-30°)
= 30£60° mA

i(t) = 30 cos(100¢ + 60°) mA



Impedance

V —

\Y% _ \

= R, — = JwL, —
1 |

] = — Or V=171
|
Impedance (frequency-dependent)

Unit: Ohm

B
]a)C

1

]a)C



continued...
7 = R + jX-

-R = Re Z 1s the resistance - X = Im Z 1s the reactance

* Impedance Z is inductive (lagging) when X is positive.
* Impedance Z is capacitive (leading) when X is negative.

Z=R+jX=|Z|/6
X
R
R = ‘Z|C059, X = ‘Z‘ sin6 KCL, KVL, Voltage-division,

Current-division — all hold
in Phasor domain too.

7| = VR? + X2, 6 = tan



Admittance

1 |
Y —_— —= —
Z V
Y =G + jB-
I->G = Re Y is conductance q= ImY is susceptance

Unit: Siemens (S) or Mho (0)

G + jB = _
R + jX



Series and Parallel Impedances

—I-- Z Z, Zy
ty, - +V2__ T
V_@ Zeq:Z|+Z2+"'+ZN
—
Z,
L
+ ill llz _______ ‘IN
| 1 1 1
IC*) \Y% Z Z, Zy _— — 4+ — + 4+ —
Zeq Zl Z2 ZN
|r>_ Yo, =Y, + Y, + -+ Yy



Y-A Transformations

Y-A Conversion:

Z(i

Zb

C

7.2, + 2,25 + Z:Z,
_ .
L7y + 1y2s + 157,
_ 3
L7y + 1oZs + 157,
_ .

A-Y Conversion:

Z,

Z,

Z;

Zb ZC

"7 17, +Z
ZCZH

"7 +7,+ 7
ZaZb

7.+ Z,+ Z.




Example

=
|
|
|

= 1.6 + j0.8
1.789/26.57° A




continued...

V =1Z —

|
— T v, = 10 cos 41 0.1F =/ v
JoC

1.789 /26.57°

- j4x0.1
1.789 /26.57°

0.4 /90°
i((r) = 1.789 cos(4t + 26.57°) A
v(t) = 4.47 cos(4t — 63.43°) V

= 4.47/-63.43°V




continued...

Determine v(¢) and i (¢). 40
o = 10 VA .
V, = 5£0° y.= 5 sin 10¢ ‘ 02 H % v
Z = 4+ joL :
= 4+2 ]
I = V,/Z= >£Y = 1.118£-26.57°
4+]2
V =joLI= 321 = (2£90°)(1.118£-26.57°)
= 2.236.63.43°

v(t) =2.236sin(107 + 63.43°) V,
i(t) =1.118sin(107 — 26.57°) A.



continued...

7., = Impedance of the 2-mF capacitor

Z, = Impedance of the 3-() resistor in series with the10-mF

capacitor
Z; = Impedance of the 0.2-H inductor in series with the 8-()
resistor
1 1
Z, - — = = —j10Q
1T e sox2xi0 . /10
1 :
1, =3+ —=3+ _(3_]2)0

jowC j50 X 10 X 1077
Z; =8 + joL =8+ j50 X 0.2 = (8 + j10) ()



continued...

O Zin =7, + 1, | Z;

Zi, %39 (3 _]2)(8 ‘|—]10)
1 %Q —;10 - ‘
. T°™ 11 + j8

—i10 + 3.22 — j1.07 Q
3.22 — j11.07 Q




continued...

V,=20/-15°V
w =4
Z,, = Impedance of the 60-() resistor

7, = Impedance of the parallel combination of the
10-mF capacitor and the 5-H inductor

1 1
10 mF = = —j25()

jwC  j4x 10X 107
5H =  jowL = j4 X 5= ;20 ()

60 Q2

7, = 25 120 = —j25 X j20 o
2 = TS —i25 + j20 w45 () 5= 003V,
= j100 Q _




continued...
60 Q

— AW
045 (F) 259 = jZOQ% v,
7 100
2 V=1 (20/-15°

V, = s :
¢ Zl + Z2 60 +]100
= (0.8575/30.960)(20/— 15%)
= 17.15/15.96° V

v,(t) = 17.15 cos(4t + 15.96°) V




continued...

2Q —j4 Q
I
ANV |
1 .
12Q AQ 8 Q
ANV N AMAM— ¢

50,/0° (’:)

2
)
(98]
o
|
I
LAMA—L0L
* s
S o

j4(2 _j4) V4

Zan=j4+2_j4+8—(1.6 ‘|‘_]08)Q CT:F
4(8 . “on
an — ]1(—0) — ]32 Q ____MleQN_. a b c
j6 Q
8(2 — j4 o Q=
we B s-pya 0 - ’




continued...

Z =12 L, (Lp, — J3) H (Ze, ]6 3)
=12+ 1.6 +j0.8 + (j0.2)[ (9.6 + j2.8)

0.2(9.6 + j2.8
136 + jog + PO TIED) _ a0y
9.6 + j3 O
Z, , Z,, — 1364/4204 Q
I
Zy, V SOE
1 na [ = _

C T L 13.64/4.204°
50,/0° 3Q == . _ 3666/_42040 A




continued...

Find I in the circuit L

Zow = —SBTP) 55 396

14+8+15-3
_-BE+P) _

4(-13 |
= 20.24-2.82 7. = 2B 96 07

l::-:
=
|

8+ i6 8+ i6



continued...

/Z

= ZLint (Lian +5—732) |

ch B

- (5.32 +1.76)

(Zipn + 10)
(9.76 — j2.82)

cn

(5.32+j1.76)(9.76 — j2.82)

(5.32+j1.76) +(9.76 — j2.82)

— 0.96 —j0.72 + 3.744 + j0.4074

= 4704 —j0.3126
— 4.714,3.802°

V 30£0°

7. 4.714/-3.802°
= 6.364 /3.802° A.




Nodal Analysis Example

20cos4r = 20/0°
w = 4 rad/s

IH = joL=j4
0.5H =  joL = j2

|

. 0.1 F = = —j2.5

B - I joc

| at node 1,
20,0°V (© — —25Q 20, j2Q

? J 20-V, V, V-V,

T 10 -5  ja

(1 + j1.5)V, + j2.5V, = 20




continued...

At node 2,
o -2 e
J4 J2
Butl, = V,/—j2.5
2V, Vi—=V, 'V,

—Jj2.5 j4 j2

V, =18.97/18.43° V
V, =13.91/198.3° V

-

20,/0° V C_D —— _2.5Q 21,

(to be solved)

(1 + ]15)V1 Ll J25V2 = 20 | Nodal Equations

llvl 15V2 — 0

v, 18.97/18.43°
- —j25  25/-90°
i, = 7.59 cos(4t + 108.4°) A

L

= 7.59/108.4° A




continued...

Supernode

at the supernoge V,

V. ¥,

E -3 6 12
36 = j4V, + (1 — 2)V,

But Vl - Vz — 10{450_>V] — Vz + 10/45°




continued...
After substituting,
36 — 40/135° = (1 + j2)V,
V, =31.41/-87.18°V

V1 — V2 + 10 4SD
= 25.78 /—70.48° V




Mesh Analysis Example

4 Q

vend (B -

j10 Q
L T

WAN——

h,
— —j2Q

@) (*) 20290V

— —j2Q

89%@:

mesh 1—(8 + j10 — 2)I, — (—j2)I, — j10I; = 0

mesh 2=—(4 — j2 — j2)I, — (—j2)I; — (—j2)I5 + 20/90° = 0

mesh 3=>I; =5



continued...

After substituting, v
(8 + j8)I; + j2I, = j50 voa® (%) Lona f,

2L + (4 = jAl, = —j20 — j10 | () @ my
I, =6.12/—35.22° A

SQ% @ L _j20Q

Iu - _12
= 6.12/144.78° A




continued...

For mesh 1,
—10+ & — j2)I; — (—j2)I, — 815 =0
(8 — 21, + j2I, — 8I; = 10

For the supermesh,

8 — i, — 81, + (6 + j5)I, — j5I, = 0

For mesh 2,

12=_3

at node A,
14 — 13 + 4



continued...

b oal ya Supermesh After solving those 4 equations,
ot (1) w® () za I =3.618/274.5° A
Bvyyvaiaintiet iiain i

V, = =20, — I
—j2(3.618 /274.5° + 3)
~7.2134 — j6.568
9.756/222.32° V




continued...

Calculate current I, 1n the circuit

e b

AN
54 Q j8Q

/\ 2/0° A
50,00V ©) =)

N4

For mesh 1, -50+15-4)I, - (—-4I,-51,=0
(15—34)1, + 41, - 51, =50

For the supermesh, (38— 3491, +(5-316)I, - (5—-j4) 1, =0

At node N, I,=1,+2 But, I, = I,

After solving, I; = 5.074 25.94° A = I, = 5.074 £5.94° A




Superposition Example

L, =1,+1,

due to the voltage and current sources, respectively
S
— 20 TI"’
j10 Q @) 20y

—j2(8 + j10) | 30 T 20

Z = _2Jj+ . im: 0.25 — j2.25
20 j20

I, = = —2.353 + j2.353

4— 2+ 7 425— j425



continued...
For mesh 1,

(8 + &), — j10I; + j2I, = 0

For mesh 2,

For mesh 3,

I3:5

After solving,

I, =2.647 — j1.176
I/ = —1, = —2.647 + j1.176
I =1, +1' = —5 + j3.529
= 6.12/144.78° A




continued...

U, = Uy + Uy + Us
v, 1s due to the 5-V
U, 18 due to the 10 cos 2¢
U3 1S due to the 2 sin 5¢

40 1Q 4Q
1Q 4Q w = 2 rad/s — TN —\WW—T— MW
+ — TV T
5 10,0°V (* —j5Q =
O av®
I | —j5 X 4 |
7 =—j5|4= s = 2439 —j1.951
—v, = 5)=1V B
L1+ 4 1 10
V, = . (10/0°)= .
1+ j4 + Z 3.439 + j2.049



continued...

10 3
V2= S5+ s = 2498/=30.79

U, = 2.498 cos(2t — 30.79°)

I 10 w = Srad/s
— W 2sin5t = 2/-90°
V3
j10 Q 2 /-90° A _i2Q %49 : Z1 _ _j2 H4
| =2 X 4
/10 42
= 2/—90°) A | _
. j10‘|‘1‘|‘Z1(/ ) | = 0.8 — j1.6 ()
j10 L

- ()= 12.328/-80°V
1.8 + 8.4
V=1, X 1=12328/—80°Vepp, = 2.33 cos(5¢ — 80°)




continued...

v,(1) = —1 + 2.498 cos(2r — 30.79°) + 2.33 cos(5¢ — 80°)

Source Transformation

O a O da




Source Transformation Example

L
5 LT T U e ne T T L

——parallel combination of 5-() resistance and (3 + j4) impedance

53+ j4) |
—Z =~ T 2.5+ j1.25Q

20 /—90°




continued...

ia  —i13Q 250 j125Q 4 —J13Q
WW—] MM— TN —AM——]|
30 + » *
L=-j4A (}) %59 IOngx V,=5-j10v () 109%“
40 - .

V,=1Z, = —j425+j125=5—jl0V

10
V, = 5 — i10
T 0425+ 125 +4—g13 > /10

5.519/-28°V




Thevenin and Norton Equivalent Circuits

ZTh

Linear
circuit

v ®

Linear
circuit

_O

a O da

— I CD Ly

—O b O b

Norton equivalent



Example
Obtain the Thevenin equivalent at terminals a-b of the circuit

Z, = —j6| 8
—j6 X 8 14 fd
= — = 2.88 — j3.84 ()
8 — j6 ]
7, = 4 H 12 8 Q _j6Q = 40
]12 X 4 a b

=36+ 120
4+ j12 4




continued...

120 /75°
¢I| llz Il — A
—j6 Q — 4 Q 8 — .]6
120/75°v () _+ Vm ; . 120 /75°
89% j12Q 4+ j12
. EApplying KVL around loop bcdeab

Vo, — 4L, + (—j6)I; = 0
Vi, = 41, + jol,= 37.95/3.43° + 72/201.87°

= —28.936 — j24.55
37.95/220.31° V




continued...

Find the Thevenin equivalent of the circuit

as seen from

terminals a-b. v el o
Finding Z;,,: o ¢
Due to the presence of the dependent 15,/0° A D 50 I 05
source, we connect a 3-A current % -
source (or voltage source if you want). —— _j4Q
» 3 is an arbitrary value chosen for ob
convenience here. KCL gives
PRy a | 3=1,+0.51,
O—=—
I, Y + = Iﬂ —_ 2A
Applying KVL
e (pos v (Dreson TEENETY O o
s — 4o o
=2(6 —))




continued...

Zon=—2=2070 _4_ 066670
I, 3
105k /38 2 ., KCLatnode I
*.O ' 15=1,+ 0.51,
15 A 2-j4Q q 051, Vi, = I,=10A
ob
Applying KVL
—I,2—-j4)+ 051,44 j3)+ Vi, = 0====p-Vp,, = 10(2 — j4) — 5(4 + j3)

= —J55
=55/-90°V




continued...

Determine the Thevenin equivalent of the circuit as seen
from the terminals a-b.
8Q j4Q
—— MM ——TTT— Finding Z,:
’ Yo ; Due to the presence of the dependent source,
) oa We connect a 1-V voltage source (or current
—j2Q — U source if you want).
S0 A ﬁ}> 0.2V, 8 +j4
4Q %
ob t v, —
p 1
At node a, I =-0.2V_+
8-I-J4-|-4 2 von |
8 + 4 —® . &
But, V.=1 and -V, =—— 2 V. A
8+ 14+4—32 4-j2 <:>>02vg 1£0°
8+ 14 1 2.6+ 30.8
I, =(0.2) LI = L

2+2 12+j2 12472 :



continued...

V. 1 12+j2 o
7, =—S=—= — —
T T T 264102 4.473 /—7.64° Q

. 0-V V,-V
8 + j4 de 1 L _ 1 2
At node 1, i 5+ 3+ 4 ﬁ
TV, ~ 50=(1-30.5)V, -3+;0.5)V,
V —
SZ0° I 2 _
A tv, At node 2, 5+0.2V_+ 3+ 4 =0
1 > *
+ N : where V, =V, -V,
. 8 V, -V
4-12 <>0*2"ﬂ 5+0.2(V,-V,)+ 8‘+j42 =0
N A
V.=V, -

3+30.5



continued...

Substituting this V, into node equation 1:

50 = (1— j0.5)V, — (3+ j0.5)V, + (50) ; - jgi
O=-50—(2+j)V2+%(35+j12) 8 +j4
22702+ 16.22 F v, -
> 2+'] 5/0°
= 7.35/72.9° v @ Vs a
V., =V,= 7.35/72.90 \Y - + <...> hav.




continued...

To get Iy, we short-circuit terminals a-b

For mesh 1,
—j40 + (18 + j2)I, — (8 — j2)I, — (10 + jHI; = 0

For the supermesh,
(13 — 2)I, + (10 + jHI; — (18 + j2)I; = 0

-
=




continued...

Atnodea, =L +3 E_ﬁ.l.f ________ ll
After solving, I, = j3 5 % @ oy
13 — 12 + 3 S . :

L AAAA || | E
RS i _}'2 10§ @ 5
b

The Norton current I, = I,
= (3 +j8) A
= 8.54 £69.44° A



continued...

40 20
AWV 0000 —

$Q  1Q -3Q
MN—AMN—E ¢ 2

(4+32)O-13)

Zy=4+32)[O-13)= 13—

= 3.176 + j0.706 Q



continued...

After solving, 12 =

4Q

20

M

@

]39
) 4Q Q y b

00—

IQ a

I, =

50—

50 — ;'62
9-13

j62  79.65-51.11°

9

For the supermesh,

-20+ 81,

+(1- 3L, —(9-3)1, =0

For mesh 3,

(13-j)1, -8, —(1-3)I, =0

At node N,

Izzll‘l‘

— 3 9487~/

-18.43°

(—j4)

= 8.396/—32.68° A




continued...

v -
0 i 8 Q 1 —Bel i
A , WA MW—|——0 |
In C) I IO—JSQ Ezoﬁv@) G 4,/-90° A - %109 i
! T—jSQ'
__________________________ A
Z. 3.176 + j0.706

= I, = 8.396./ -32.68°
o=z F10-j5°~ 13.176—j4.294( )

~ (3.254.£12.53°)(8.396 £ - 32.68°)
- 13.858 7 -18.05°

= 1.9714/-2.10° A




continued...

At terminals a-b, obtain Thevenin and Norton o=10

equivalent circuits for the network depicted 0.5H > joL
Take w = 10 rad/s. _ _
10 mF 12 cos wt V - -](1 0)(05) o -]5
| D
] — + O a 1
. 7 I0mF —— ——
. | JoC
2 sin wt A <D Yo 10 Q 5 H 27)0 1
ob ~j(10)(10x107)
-j10 Q Vv - -j]()
IC x
AN
+ Finding Z,:
wov, i50 <‘> 2V, C‘) 1A Due to the presence of the dependent
source, we connect a 1-A current
- source (or voltage source if you want).




continued... A0 & v,
I\
VX VX ¥ A A
1+2V, = s +10—j10 109§V0 50 <>2V0 <>1A
h vV - 10V, _
VR Y T 010
19V, 'V, -10+ 310
1+ = bV = ;
10—310 5 21+ 52
\'A _
Zy=Z,=—"=-042+051j0
ey
J]Il}{Q Q .
+ p +

2 A <‘> 100y, @ 50 <‘>2Vn e Flndlng VTh




continued...

I:(IO—j10+jS)I—(10)(-j2)+j5(2V0)—12 =0

where Vo — (10)('j2 - I) 10 Q 12;2‘;

(10— j105)T = -188 — j20

(s ")
[ 188+ 20 | 2a(P) mgé_vﬂ @ %

~ -10+ 105

+

A
isQ <> 2V, Va

Vi, = i5(1+2V,) = j5(~191 - j40) = —i95T + 200

- ZJPUS8+J20) 900 =29.73— j1.8723
10+ 7105 = 29.79/-3.6° V

V, 29.79£-3.6°
Z, 0.67/129.56°

Iy = = 44.46£-133.16° A



Instantaneous Power

The instantaneous power (in watts) is the power at any instant of time.

v(t) =V, cos(wt + 6,)

i(t) = 1, cos(wt + 0;)

p(t) = v(0)i(1)
=V I, cos(wt + 6,) cos(wt + 6;)

| 1
B EVIHLJ: COS(HU o 9;) + EVJ’H{I” CDS(Z{UI + HU . 6.1)



continued...
p(t) A

| .
— 2 ijm CDh(ﬂﬂ - 6:)

' >
N T ’

|
L
2

| ]
p(f) — EVIH}H? COS(HU o 91) + EVHI[IH CDS(zﬂJf T ﬁu T 91)

» The first part is constant (time independent). Its value depends on the
phase difference between voltage & current.
» The second part is a sinusoidal function whose frequency is 2w.



Average Power

The average power (in watts) is the average of the instantaneous power
over one period.

1 T
P = — 1) dt
TLP()

: J B Vol (0, — 0,) dt
— | = cos(0, — 0,
T ; 2 m-m ) l

1 ("1
+ — J —V. I, cosQwt + 0, + 0, dt
T 2

|
EVmIm cos(6, — 6))

We know, 1__ | I :
EVP’ — EVmLH/BU B 9:’ — EV;”I;”[COS(HU o 9:) T ] Sln(ﬁv o 9:)]

|
Thus, P = ERe[VI*]



continued...

P

P

v A resistive load (R) absorbs power at all times, while a reactive load

For purely resistive circuit, current &
voltage are in phase. m—————p

| 1 |
=—V,1,=—I,R = —|I|°R
) ) )

For purely reactive circuit, current &

voltage are out of phase (+90°). === waveform on next page

]
= EVmIm cos 90° = 0

(L or C) absorbs zero average power.

Pmax-

Vmax.

Imax. —

Elu

Average
Power

- time




continued...

Pure Inductor

+ Power
L\ P Consumed
-
.
1
0 -L- Fils I60° Average
180° t"' POWET
_ Fower _
_ Retumed

Pure Capacitor

Power
Consumed

- -\-\""'\-\.\_\_\. +

Power
Retumed



Example

Given that
v(t) = 120 cos(377t + 45°) V. and  i(r) = 10 cos(377t — 10°) A

find the instantaneous power and the average power absorbed by the
passive linear network

p = vi = 1200 cos(377t + 45°) cos(377¢t — 10°)

]
|CDSA cos B = 2[(:05(14 B) + cos(A + B)]i

600[cos(754t + 35°) + cos 55°]
344.2 + 600 cos(754t + 35°) W

average power 1S 3442 W

1 1
p = EV’"[’“ cos(6, — 0,) = 5120(10) cos[45° — (—10°)]

You can use this too: — 600 cos 55° = 3442 W



continued...

Calculate the average power absorbed by an impedance Z = 30 — j70 ()
when a voltage V = 120/0° is applied across it.

V 120/0°

Z 30— 70
1 1

P =~ Viul,y c05(8, = 6)= - (120)(1.576) cos(0 — 66.8°)

= 1.576/66.8° A

= 3724 W



continued...

1.118 /56.57° A

V=4l = 4.472/56.57° V
average power supplied by the voltage source

p = %(5)(1.118) c0s(30° — 56.57°) = 2.5 W

average power absorbed by the resistor

p= %(4.472)(1.118) —25W



continued...

For mesh 1,

I, =4A
For mesh 2,
, (j10 — j5)I, — j10I, + 60{30" =0
o _Jﬁg Lrlg = —12/-60° + 8

=10.58/79.1° A

400 A (}) (;:D jl0Q (G;D (*) 60£30°V
1 2




continued...

1 20 Q —-JjSQ
Ps = 5 (60)(10.58) cos(30° — 79.1°) A ”
= 207.8 W wea® ) M3 g Qeay

The circuit is delivering average power to the voltage source.

V, = 201, + j10(I; — L,) = 80 + j10(4 — 2 — j10.39)
= 184.984/6.21° V

P, = —%(184.984)(4) cos(6.21° — 0) = —367.8 W

The current source is delivering average power to the circuit.

1
P, = 5(80)(4) = 160 W => This average power is absorbed by the resistor.



continued... 20 Q AR

. AW
For the capacitor,

|
I, = 10.58/79.1° 17004 (}) ff) j100 Q () 60/30° v
voltage across it is —j512
= (5/—90°)(10.58 /79.1°) = 52.9/79.1° — 90°

P, = ;(52.9)(10.58) cos(—90°) = 0

For the 1nductor,
current through itis (I; —I,) = 4 — 10.58479.1°
= 10.582 — 79.1° A
voltage acrossitis J10(I; —I,) = (10£90°)(10.582 — 79.1°)
| = 105.8210.9°V

P3 = (105.8)(10.58) cos 90° = 0



Maximum Average Power Transfer

Linear 7
circuit V
Th

'For maximum average power transfer,:
:the load impedance Z, must be equal to:
=the complex conjugate of the Thevenini
||mpedance Z.,. |

Z;
Lty = Ry + j X1
1, = R, + jX,
2
|V
- Z* max
Th & RTh




continued...

* In a special situation in which the load is purely real:
The load R; must be chosen such that

Ry = VRThZ + Xrn? = |Z7y

Then,

1 2
Prax = E |I| R;

where I is the current phasor flowing through load R;.



Example

L, =J5 "‘4“(8 — Jj6)

48 — jo6) :
ir o~ 2933 +j44670

=]5



continued...

40 j5Q v 8 — jb 10
PIN——-o0 =
é + g4 8 —j6( )
10V Ry, = 7.454/-10.3°V
— _j6 Q) )
O

The load impedance draws the maximum power from the circuit when

‘ ‘Th‘z (7.454)2
P = = = 2368 W
e SRt 8(2.933) 368




continued...

Zry, = (40 — j30) | j20
j20(40 — j30)
20 + 40 — 30

= 9.412 + j22.35Q

20

Vo, =

150/30°) = ©
20+ 40 — a0 10/30°) = 72.76/134°V
The value of R; that will absorb the maximum average power 1is

R, = |Zm| = \V9.4122 + 22352 = 24250




continued...

Z1, T The current through the load 1s
© _ Vn
Z+, + R
\Y R Th L
B " 72.76 /134°

Q

T 33.66 + j22.35
= 1.8/100.42° A

The maximum average power absorbed by R; 1s

P —1\1\2R —1(1 8)%(24.25)
max 2 L 2 . .
= 3929 W



Effective or RMS Value

**The effective value of a periodic current is the dc current that
delivers the same average power to a resistor as the periodic current.

I eff — Irmss Veff — V]‘l‘]’lﬁ

For any periodic function x(7) in general,

1 T
Xims = \/ J x° dt
r 0

For the sinusoid i(¢) = [, coswt | Similarly, for v(r) = V,, coswt

s = " Vims = — 2
I'ms \/5 rms

V2



continued...

The average power

1
P_EV I, cos(8, —0;) =

V., 1, 6, — 6)
\/— \/— COS —
o Vrmslrms COS(GU R 9;)

the average power absorbed by a resistor R

1 L, 1
pP==V,l,= R = _‘I‘ R
2 2 2
V2
P — Ilz_mSR — rms




Apparent Power and Power Factor

P = Vrmslrms COS(GU - 61)
= S cos(8, — 6,
S = Vrmslrms

» The apparent power, S (in VA) is the product of the rms values of
voltage and current.

P
pf = S = cos(8, — 0;)

» Power Factor, pf (dimensionless) is the ratio of the average power to
the apparent power.



continued...

\Y% B Vin @ o Vm Vrms

— — = =-"/g — 0, = 0, — 6,
Z=1""1 Im/ , — 6, Im/ v = b
 Power Factor (pf) is the cosine of phase difference between voltage and
current. It is also the cosine of the angle of the load impedance.
* Value of pf ranges between zero and unity.
 For a purely load, the voltage and current are in phase, that means
6, = 0;; thus, pf = 1.
» apparent power (S) = average power (P)
* For a purely reactive load, 8,, — 68; = +90°. Thus, pf =0.
» average power (P) is zero.
* Leading pf means: current leads voltage - capacitive load (negative pf angle)
* lLagging pf means: current /ags voltage - inductive load (positive pf angle)
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Apparent Power and Power Factor

P = Vrmslrms COS(GU - 61)
= S cos(8, — 6,
S = Vrmslrms

» The apparent power, S (in VA) is the product of the rms values of
voltage and current.

P
pf = S = cos(8, — 0;)

» Power Factor, pf (dimensionless) is the ratio of the average power to
the apparent power.



continued...

\Y% B Vin @ o Vm Vrms

— — = =-"/g — 0, = 0, — 6,
Z=1""1 Im/ , — 6, Im/ v = b
 Power Factor (pf) is the cosine of phase difference between voltage and
current. It is also the cosine of the angle of the load impedance.
* Value of pf ranges between zero and unity.
 For a purely load, the voltage and current are in phase, that means
6, = 0;; thus, pf = 1.
» apparent power (S) = average power (P)
* For a purely reactive load, 8,, — 68; = +90°. Thus, pf =0.
» average power (P) is zero.
* Leading pf means: current leads voltage - capacitive load (negative pf angle)
* lLagging pf means: current /ags voltage - inductive load (positive pf angle)




Example

A series-connected load draws a current i(r) = 4 cos(1007t + 10°) A
when the applied voltage is v(r) = 120 cos(10077t — 20°) V. Find the
apparent power and the power factor of the load. Determine the ele-
ment values that form the series-connected load.

120 4
apparent power 3 = Vo [rme™ 3 /3 = 240 VA

power factor pf = cos(6, — 0;) = cos(—20° — 10°)
= 0.866 (leading)

, vV 120/-20°
1T i 30/-30° = —
VI / | 25.981 j15 Q) 1
Load impedance Z can be modeled by a —15 = - wC C= 15w

25.98 Q resistor in series with a capacitor. = 212.2 uF



continued...
Determine the power factor of the entire circuit as seen
by the source. Calculate the average power delivered by the source.
6Q .
— AW Z =06+ 4 (-2
_ 6 - —j2 X 4
30,/0° V rms C_r) — _20Q <40 -0 T i
= 6.8 —jl1.6 =7/-13.24° Q)

pt = cos(—13.24) = 0.9734 (leading)
v 30/0°
= I = = 4.286/13.24° A
Z 7/-13.24°
average power supplied by the source

P=1V._.I._ pf=(30)(4.286)0.9734 = 125 W

II'II'I S




Complex Power

Complex power S absorbed by the ac load is the product of the voltage
and the complex conjugate of the current.

. 1
° S = EVI*
T
I'TIIS " T'I1S U l
o = Vimslims €08(0, — 0;) + jVinelims SIN(O, — 6;)
= P + jO

S=12.7Z=1>R+jX)=P+jQ 'P=Re® =Inrk




continued...
i Complex Power = S = P + jO = V,,(Lne)* :
: = Ve Tl /0, = 0, |
!Apparent Power = § = [S| = |Vyy [lnd| = VP? + 0 |
| Real Power = P = Re(S) = S cos(6, — 0))
i Reactive Power = Q = Im(S) = S sin(@, — 0,) I

Q = 0 for resistive loads (unity pf).
Q < 0 for capacitive loads (leading pf).
Q > 0 for inductive loads (lagging pf).

SZSI‘|‘SQ+‘|‘SN
Total complex power in a network is the sum of complex
powers of individual components.



Power Triangle

Im A
lagei f
S 0 VA X +Q (lagging pt)
N\ N\
P R
(a) (b)
(a) Power triangle, (b) impedance triangle. —Q (leading pt)

!Q = Im(S) = IEmSX!



Example

The voltage across a load is v(#) = 60 cos(wt — 10%) V and the current
through the element in the direction of the voltage drop is i(f) =
1.5 cos(wt + 50°) A. Find: (a) the complex and apparent powers,
(b) the real and reactive powers, and (c) the power factor and the load
impedance.

_ « _ (60 , o\ 1.3 0
(a) complex power S = V< Iins (\/5/ 10 )(\/5/ 50 )
= 45/-60° VA
apparent power S = ‘S‘ = 45 VA
(b) S =45/-60° = 22.5 — j38.97
P=225W Q0 = —38.97 VAR
(¢) pf = cos(—60")= 0.5 (leading)

_ Y _60z-10° _ -
Z=— = /15,500 = 20 — j34.64 Q




continued...

A load Z draws 12 kVA at a power factor of 0.856 lagging from a
120-V rms sinusoidal source. Calculate: (a) the average and reactive pow-
ers delivered to the load, (b) the peak current, and (c¢) the load impedance.

(a) ptf = cosf = 0.856—>0 = cos 10.856 = 31.13°
apparent power 1s § = 12,000 VA
average or real power P = S cosf

= 12,000 X 0.856
= 10.272 kW

Since pf is lagging, reactive power (Q) is positive.
reactive power () = S sin6
= 12,000 X 0.517 = 6.204 kVAR

® S =P +jO = 10272 + j6.204 kVA




continued...

S 10,272 + 6204
V..  120/0°
= 100/31.13° A

— *k K _
S o VrmsIrms—IImS o

L = 100/—31.13°
peak current I, = V2I.= \/2(100) = 141.4 A

V 120/0°
(c) 7 = —'ms _ Ak = 1.027 + j0.62 Q.

Lns  100/—31.13°

which 1s an inductive impedance




continued...

total impedance

= (4 +j2) + (15 — j10)

- 19 — /8
V O

I = E = 10.67/22.83° A rms

(a) S, = V] I* = (220&)(10.67/—22.830)

= (2163.5 — j910.8) VA (leading)



continued...

(b) Vipe = (4 + 721 = (4.472/26.570)(10.67/22.830)
= 47.72/49.4° V rms
Sline — Vlinel* — (4772/4940)(1067/—22830)
= 4554 + j227.7 VA  (lagging)
(©) V, = (15 — j10)I = (18.03/—33.7°)(10.67 /22.83°)
= 192.38/—10.87° V rms
S, = V, I* = (192.38/—10.870)(10.67/—22.830)
= (1708 — j1139) VA (leading)




continued...

In the circuit Z, = 60/—-30° () and Z, = 40/45° ).
Calculate the total: (a) apparent power, (b) real power, (c) reactive
power, and (d) pf, supplied by the source and seen by the source.

L V 120/10°
[, = — = = 2/40° A rms
th e 1 Z 60/-30°
120/10° V rms 7, Z, 120/10°
\Y% 0
L= = = 3/—35° A rms
7, 40 /45°

S1 = (Vems)(Iirms ™) = (1202£10°) (22 — 40°) = 2404 — 30°

= 207.85 — j120 VA
S; = (Vems)(Izrms™) = (120£10°)(3£35°) = 360245°

= 254.6 + j254.6 VA
total complex power §, = S§; + S, = 462.4 + j134.6 VA



continued...

(a) The total apparent power
S,| = V462.4> + 134.6°

= 481.6 VA
(b) The total real power
P, = Re(S,) or P, = P, + Py
= 4624 W
(c) The total reactive power
Q, = Im(S)) or O, = 01 + O
= 134.6 VAR
(d) The pf
pf = P,/|S,|

= 462.4/481.6 = 0.96 (lagging)



Power Factor Correction

The process of increasing the power factor without altering the voltage or current
to the original load is known as power factor correction.

o o
+ ¢ IL O
- - * Ic
Vv : . Inductive _
o \Y% Inductive ~ C
: ' load
| | load
o 1 - !
original inductive load | inductive load with improved power factor I
j ;} » With the same supplied voltage, the original circuit (on left) draws larger
0, current than the improved circuit (on right). [I.| > |1
» Power companies charge more for larger currents, because they result in
increased power losses.
. » Therefore, it is beneficial to both the power company and the consumer
L

to keep the power factor as close to unity as possible.



continued...

Q,

0,

0

If the original inductive load has apparent power S, then
P =5, cos0,
Ql — Sl Siﬂ@l = P tan91

If we desire to increase the power factor from cos 6 to

cos 6, without altering the real power, then the new
reactive power is

Q2 — Ptan92

The reduction in reactive power is caused by the shunt
capacitor:

Oc =01 — O
= P(tan6; — tan6,)

2
QC — V?ms/XC: wcvrms



continued...

QC B P(tan91 — tan@z)

2 2
wV rms W VI‘II]S

( =

** Rare case: Load may be capacitive (pf is leading).

An inductor (L) should be connected across the load for pf correction.

2 2 2
QL _ VI‘I’I‘]S — VI’I‘I]S L — VFI’I’]S

XL wl CUQL
where O, = 0; — O»

(the difference between the new and old reactive powers)




Example

When connected to a 120-V (rms), 60-Hz power line, a load absorbs
4 kW at a lagging power factor of 0.8. Find the value of capacitance
necessary to raise the pf to 0.95.

cosf; = 0.8=——»0, = 36.87°

cosf, = 0.95—0, = 18.19°
Oc  P(tan6; — tan6,)

C = 5 > The real power P has not changed
a)VI'mS wVI'mS
B 4000(tan 36.87° — tan 18.19°) B 1685.6
B 21 X 60 x 120 27 X 60 X 1207

= 310.5 uF



continued...

Find the value of parallel capacitance needed to correct a load of
140 kVAR at 0.85 lagging pf to unity pf. Assume that the load 1s sup-
plied by a 110-V (rms), 60-Hz line.

COS 81 = (0.85 COS 92 =1
= 6, = 31.79° = 0, =0°
Now,
P = Scosb,
_Q

— P = — cos 64

SIn 91

140 x 103
— P = X 0.85 = 225.93 kW

~ sin31.79°
Oc  P(tanf, — tanf,)  225.93 x 103(tan 31.79° — tan 0°)

C =

wVZ wVZ 27 X 60 X 1102
= 30.69 mF



hree-Phase Circuits

Circuits or systems in which the ac sources operate at same frequency
but different phases are known as polyphase.

% a A Zp,
Vo & Z CH—=o° O
o L I
. - V., /—120°
Single-phase system P % b B Zp)
(covered in previous chapter) U O O
a A o
‘ A V1200 I
)—o ;
v,/00 (F) 7, <
E {Y n N
V, /=90° @) Z:> Three-phase four-wire system
b B ]

S S

Two-phase three-wire system



==

e o,

i

AN

e

%r-




continued...

3-phase

* Nearly all electric power is generated and distributed in 3-phase, at
the operating frequency of 60 Hz or 50 Hz.

v'When 1-phase or 2-phase inputs are required, they are taken from the 3-
phase system rather than generated independently.

* The instantaneous power in a 3-phase system can be constant.
v'This results in uniform power transmission and less vibration.

* The amount of wire required for a 3-phase system is less than that
required for an equivalent 1-phase system to deliver same power.

v'The 3-phase system is more economical than 1-phase (33% more material).



continued...

[ 100 Vv, 60 Hz [] 100 v, 50 Hz
[ 220v, 50 Hz ] 110 Vv, 60 Hz[] 220 Vv, 60 Hz [] 110 V, 50 Hz
230V, 50 Hz [} 115V, 60 Hz[[] 230 v, 60 Hz ] 115V, 50 Hz
[l 240 v, 50 Hz [} 120 Vv, 60 Hz [li] 240 V, 60 Hz

B 127 v, 60 Hz B 127 v, 50 Hz




Balanced 3-@ Voltage Source

The Generator
3-phase output

—— Phase & Phaze C —4— Phase B

i

Tirne

Courert aor EMF

Neutral
3

3-@ current source is very scarce.



continued...

+ |

Vcn Vbn m
b Y o b
Vbc
O C O C
Star Connection
A E c ® Al A = C Delta Connection
o o A
______ - N o
i -—e@ B
o B e C
o N o C




continued (Star Connection)...

Positive (abc) Sequence Negative (acb) Sequence

a o a o

Three-
phase b o
output

Three-
phase b o
output

_ Stator

__— Rotor

Van — Vp 0° Van. — p 00
Vin = V,/—120° Ve, =V,/—120°
V., =V,/-240° = V,/+120° | Vp, =V,/—240° =V, /+120°




continued (Star Connection)...

Positive (abc) Sequence

V.. =V,/—240° = V,/+120°

Negative (acb) Sequence

Vbn
\
120°

N\
120 ( o

Y

<

an

VCH
Van, — Vp E

V., =V,/—120°
Vi = V,/=240° =V, /+120°




Balanced 3-@ Load

Y-connected Load

A-connected Load

a O
Zr: Zb
b o
Zﬂ
c O
1, =171, =171, = 1,
37,
|




Example

Determine the phase sequence of the set of voltages
Uan = 200 cos(wt + 10°)

Up, = 200 cos(wt — 230°), V., = 200 cos(wt — 110°)
V,, =200/10°V

bn
Vin = 200/=230°V &= acb sequence \/‘
Vo, =200/—110° V

cn

Given that V,, = 110/30°V, find V,, and V,,, assuming a positive
(abc) sequence.

110/150° V 110/—90° V




Balanced Y-Y Connection

L, Assuming the positive sequence,
—_— A .
| the phase voltages (or line-to-neutral voltages):
— @)
I, Z, Van = Vp/Y
— v Vi, =V,/—120°, V=V, /+120°
The line-to-line voltages or simply /ine voltages:
\" A\ Z Z
OV B " | Var = Van + Vi
L C B — Van o Vbn,
_— O O
: = V,/0° — V,/—120

b

Vor Voo s ( 7 Voo = Vet Vo — \/3Vp @
Vbc — Vbn o Vcn — \/§Vp/ —90°
= V., — Vo = V3V, /=210°

<
|




continued...

V., = V3V,
Vp — ch — ‘Vbn —
VL — Vab — ‘Vbc —
(V)] I VCIH
c| Yo —
% ‘%by Van/ _1200 o !Vbc
Y L= = =1,/-120
kS Y Y B
2 V. V,/—240° I, +1,+1.=0
< 1. = == =1,/—240°




continued...
L =—-d,+1,+1)=0

» Thus, voltage across the neutral wire is zero. The neutral line can
thus be removed without affecting the system.

In Y-Y system, the /ine current is the same as the phase current.
I

a

a — A |
| a__4 A
V. é) I Zy ~ ~ |
e
n \N V,, Zy
Vcn e e Vbn ZY ZY O O |
c I n N
b C S
- | V |
L. p ( vy . 'an,
IIa o




Example

Calculate the line currents in the three-wire Y-Y system
5-j2Q "

S I Zy = (5 —j2) + (10 + j8)
O ey — 16.155/21.8°
10 48 Q V.«;m 110/0°
110,/-240° V 110,/-120° V Ia — =
c ) P g Zy, 16.155/21.8°
5-j2Q Al — 681/—2180 A

Since the source voltages are in positive sequence, the /ine currents are also in positive sequence.

I,=1,/—120° = 6.81/—141.8° A
I, =1,/—240°= 6.81/-261.8° A




continued...

A Y-connected balanced three-phase generator with an impedance of
0.4 + j0.3 {) per phase is connected to a Y-connected balanced load
with an impedance of 24 + j19 () per phase. The line joining the gen-
erator and the load has an impedance of 0.6 + j0.7 ) per phase.
Assuming a positive sequence for the source voltages and that V,,, =
120/30° V, find: (a) the line voltages, (b) the line currents.

@ V, =V3V,/30° = /3 (120)£(30°+30°)
= 207.85260°
V.. =207.8/-60° V
V., =207.8/—180° V




continued...
by Zy =(0.4+30.3)+(24+ 3;19)+ (0.6 + ;0.7)
= 32 /38.66°
_— vV,  120£30°
“ 7, 32/38.66°
= 3.75[—8.66" A
I, =1,/—120° =3.75/—128.66° A
I =1,/-240°=3.75/111.34° A




Balanced Y-A Connection

a —> Assuming the positive sequence,
L the phase voltages are:
Van C_D Van — Vp OO
n A . o) _ o
IAV . Voo = V,/—120°, V., =V, /+120
v, The line voltages are:
Zy Ica — —
., i__ 5 Z \C Vab — %Vp@ — VAB
L Vie = V3V,/=90° = Vg
V.. = V3V,/+150° = V¢,
The phase currents are:
B Vs B Ve B Vea
IAB o ’ IBC o ’ ICA o
/AN /AN /AN



continued...

The /ine currents are:

Ia — IAB — ICA — IAB — IABL — 24‘002 IAB\/g/_:SOO

I, = Igc — Iy =1,/-120° LT
IC — ICA — IBC — Ia/‘|‘1200
v, i)
IAV .
b e ? “a \ICA




continued...

IL — \/glp Loy % 30°

IL — ‘Ia‘ — ‘Ib‘ — ‘IC Y:
IP - ‘IAB| — ‘IBC‘ — ICA‘ /30*’
30° I,
Alternatively, we can transform Y-A system to a Y-Y system. .
Then solve the line current using 1-@ equivalent circuit. He
I, Then the phase currents are solved using:

— - = LipV3/-30°
Va@ 3 IBC = L5/ —120°
Lyg/+120°

S
>
||




Example

A balanced abc-sequence Y-connected source with V,, = 100/10° V
is connected to a A-connected balanced load (8 + j4) () per phase. Cal-
culate the phase and line currents.

Z, = 8 + j4 = 8.944/26.57° )
using single-phase analysis, line currents are
V. 100/10°

CZy/3 2.981/26.57°
I, =1,/—120° = 33.53 /—136.57° A
I. =1,/+120° = 33.53/103.43° A

I, = 33.54/-16.57° A




continued...

The phase currents are:

I, -
| T— — ) ]
ap =5 = 19 36/13.43° A

Igc = Lig/—120° = 19.36/—106.57° A
Icy = Lig/+120° = 19.36/133.43° A




Balanced A-A Connection

a —
Vca _|__ T Vab
Ib
3 '
C -+
_/ b
Vbc IC
e

| Assuming a positive sequence,

the phase voltages are:
Vab — Vp 0°
V,e = V,/—120°, V.=V, /+120°

Line voltages = Phase voltages
Vab - VAB? Vbc — VBCv V(;a — VCA

The phase currents are:
VAB Vab

ZA ZA

IAB o

b

Ica = ——

The /ine currents are:

Ia — I ICA
= IAB\F 3/-30°
I, =1,/—120°

I.=1,/+120°




Example

A balanced A-connected load having an impedance 20 — j15 () is

connected to a A-connected, positive-sequence generator having

V., = 330 & V. Calculate the phase currents of the load and the line
currents.

L, =20 — 15 = 25/—36.87°Q

Since V,5 = V_,, the phase currents are
\' 330/0°

Lz =— = = 13.2/36.87° A

W Zy 25/-36.87 /

IBC — IAB/—IQOO — 132/_83130 A

Ica = IAB/‘|‘1200= 13.2/156.87° A




continued...

the line currents are
I, = LizV3/=30°

= (13.2/36.87°)(V3/-30°

= 22.86/6.87° A
I, =1,/—120° = 22.86/—113.13° A
I. = I,/+120° = 22.86/126.87° A




Balanced A-Y Connection

) a A The line voltages as well as the phase voltages:
— . o) - : o)
| Vub - Vf] 0, Vbc - ‘/f}/_ 120
Ly Vc'a — Vp/+ 1200
Veu (7 DV, N Replace the A-connected source with its
, equivalent Y-connected source.
I, Y Zy % Now we find a Y-Y connection.
. - " ¢ » Then solve using equivalent 1-@ circuit.
N b B
Vbc Ic‘
—_—
Equivalent Y-connected source Vp
has the phase voltages: V. = —/—30°
an \/§

Vi 150°,

Vp
:%/_




continued...

V, /-30°
V3

The line currents are:

B V,/V3/=30°

L,
Ly

I, =1,/—120°
I.=1,/+120°

ZY : Vc‘a +_ +_ Vab

Phase currents = Line currents



Example

A balanced Y-connected load with a phase impedance of 40 + ;25 () is
supplied by a balanced, positive sequence A-connected source with a line
voltage of 210 V. Calculate the phase currents. Use Vab as a reference.

Zy = 40 + j25 = 47.17/32° Q V= 210/0°V

A-connected source is transformed to a Y-connected source

Ve
Vin = / 30° = 121.2/-30°V

llne CUHentS :;S I Vﬂ,ﬂ — lj; 122/ :;S _ 2.57/_620 A
Lo 7y 12/3
o I, =1,/—120° = 2.57/—178° A

e I. = 1,/120° = 2.57/58° A




Summary

A-connected load is more desirable than

the Y-connected load:

» |t is easier to alter the loads in any
one phase of the A-connected loads,
as the individual loads are
connected directly across the lines.

The A-connected source is hardly used

in practice:

» Any slight imbalance in the phase
voltages will result in unwanted
circulating currents.

Connection Phase voltages/currents Line voltages/currents
Y-Y V., =V,/0° = V3V, /30°
V,, = V,/—120° \eﬁ,{ =V, {—1’*{1‘3
V= V,/+120° vV, = vﬁ,? +120°
Same as line currents I,=V_/Z,
L, =1,/-120°
I.=1,/+120°

Positive or abc sequence is assumed.

0
.

.

e,

‘Irmr = V;JZT
V,, = V,/—120°

V,, = V,/+120°

Lip = V.w/ Z,

Ipe = Vie/Zy
Iea = Veu/Zy
Vas = V,/0°
Ve =V, /= 120°
Vea = Vo / + 120°
Lig = Vau/Zy
Ipc = Vi /Zy
Iey = Vo/Zy
Voo =V ZUD
Ve = V,o/— 120°
Vea =V, / + +120°

Same as line currents

V= Vg = V3V, /30°

\"r‘rx. - "Iﬁr - "I f_].r}{}c‘
V., =V, = w”, /+120°
I, = L;V3/-30°

I,=1,/-120°
I. = Il,r +120°
Same as phase voltages

I, = LyV3/-30°

I, =1,/-120°
I.=1,/+120°
Same as phase voltages

V,/—30°
I =
il \fﬁl}f
I, = L/-120°

L =L/+120°



Power in a Balanced System

* Total instantaneous power, p(t) = 3V, I, cos 6

* Total average power, P = 3V, [, cos 0 = V3V, I, cos 6

* Total reactive power, Q = 3V},I,,sin6 = V3V, I, sin 6

* Total complex power, § = 3Vp(1p)* = BIPZZp =3V, 1,26

* Average power per phase, B, = V},1,, cos 0

* Reactive power per phase, @, = V,I, sin 6
* Apparent power per phase, 5, = 1,
* Complex power per phase, S, = B, +jQp = p(lp)*

Remember that V), I,,, V;, I}, are rms values.



Example

A three-phase motor can be regarded as a balanced Y-load. A three-
phase motor draws 5.6 kW when the line voltage is 220 V and the line
current 1s 18.2 A. Determine the power factor of the motor.

The apparent power S = V3V, I,

V/3(220)(18.2)
6935.13 VA

: ) _ P _ 5600
— COS =
P S 6935.13

= 0.8075



i(7)

U

/
tttttttt

dd) do di
_ N _
dr di dt

Self-inductance (L)

Mutual Inductance

o
- -
i1(1) +> 2 s
- 0
N, turns N, turns
by = b1 + b2
dbp, | d>
vy =N,—— .U, =N
1 1 At I 2 2 At |
o do, di, _ o 4oy di
Vi, dr ! > di, dt
Cdip | di,

— M. —L
dr | bt



continued...

M,, : mutual inductance of coil 2 with respect to coil 1.

Ly L,
O . .
d dd, di di
+ f?-l:{ f!!i?z + 02 — Nzg — N,) (bz 2 p— L2—2
L “diy dt dt
2 1 Y Uy iH(1) df 2
_ = B dd)Zl d(bgl dlz dl2
o U1 = IV BT =M lzd_
N, turns N, turns dt 2 l 4
b2 = ¢21 + P M, : mutual inductance of coil 1 with respect to coil 2.

‘MIZ = M5, = M‘

Mutual inductance is the ability of one inductor to induce a voltage across a
neighboring inductor, measured in henrys (H).




Dot Convention: Magnetically Coupled Circuit

M M

»If a current enters the dotted —= f ¥ e
terminal of one coil, the

reference polarity of the mutual

voltage in the second coil is

positive at the dotted terminal

of the second coil.

»If a current leaves the dotted
terminal of one coil, the
reference polarity of the mutual
voltage in the second coil is
negative at the dotted terminal
of the second caoil.



continued...

()"

M

m JoL,

L, [ |
- JoMl,

J@L,

JMI,

¢

JWL,

JoMl,

JWL,

JoMI,

4 I, enters L, at the dotted end, it induces a voltage in L, that tries to
force a current out of the dotted end of L,.
4 I, leaves L, at the dotted end, it induces a voltage in L, that tries to
force a current into the dotted end of L,.



Example




continued...
—]4Q

12/0° () Q]3IQ é é_ﬁll %

For loop 1,
—12 + (—j4 + j5)I; — j3I, = O———>j1, — j3I, = 12

For loop 2,
—i3I, + (12 + j6)I, = 0

After solving, 11: 13,0]/—49.390A
IL,= 2.91/14.04° A




continued...

Determine the voltage V, in the circuit
jl1Q

40
AW (Y
° -
6,/90° V (ID j8Q j5Q @ 10Q V,
40

jlL /11 -

MM
+
6,/90° V G) j8 Q) j5Q @ 10Q V,

Formesh1, —6j + (4 + j8)I; +j1I, =0 After solving, I, = —j0.06
Formesh 2, j1I; + (j5 + 10)I, = 0 -V, = 101,
=V, =—j0.6 =0.62—-90°V



continued...

Calculate the mesh 3c£|ilrrents in the circuit
J

40 8 Q
| e |
.J 1= 203/35°A
100,/0° V Il 50 1 |
I,= 8.693/19° A
5 20h) .
m— '—100 + (4 —j3 +j6)I, — j6l, —j2I, =0 !
j6 = (4 +j3)I; —j8I, = 100 |
@ @ :° For mesh 2, :
21, .j212 + (6 +j8+5)I; — j611 j2(I; — 1) = 0

= —j8l, + (5 +j18)I, =




continued...

Determine the phasor currents I; and I, in the circuit
5 j2Q

1, =2.15,/86.56°
—— —j4Q :

1, =3.23 /86.56° Al

— e o o o o o o e e e e e o o sl

12,/60° V

M@ﬁ(lz—ll) \* For mesh 1,
' —(122£60°) + (5 +j2 +j3)I; —j6I, +j3(, — 1) = 0

Be | = (5 +j2)I; — j3I, = 6 + 63
@ A @H For mesh 2,

AL 1j31; + (j6 — jI, — jél; = 0




