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Introduction

[nput; stimulus Control Output; response
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Why do we build control systems?

* Power amplification
Example: rotation of radar antenna

* Remote control
Example: robot in radioactive environment

e Convenience of input form
Example: temperature control by thermostat

 Compensation for disturbances
Example: cancellation of wind-force on antenna



System Configuration
* Open-Loop

Disturbance | Disturbance 2
Input o + ()lllplll
(l)r ) EBE | ) o ntrolies < - .
Reference transducer or Plant Controlled
Summing Summing variable
junction junction
* Closed-Loop Error
or . ;
: Disturbance | Disturbance 2
Actuating
Input signal + - Output
or —» Tput - Controller - PrOCEsS > . or
Reference transducer ¢ or Plant Controlled
S : Summing Summing variable
LS junction junction
junction
Output
transducer |«

or Sensor




Laplace Transform Review

Laplace transform table

LUt =F() = [ Ft)ea

0— Item no. At) F(s)
where s = 0 + jw (complex variable) 1. o(t) 1
1 o-+jo0 2. u(t) %
MF@ =g [ F@e'ds=f0u®)| 5 e L
4 tu® g5
5. e () siﬂ.
6. sin wtu(t) 5
7. cos wtu(t)

82 +w?



Laplace Transform Theorems

Item no. Theorem Name
1. ZL[fR)=F(s)= [, f(t)e *dt Definition
2, ZIkf(t) =kF (s) Linearity theorem
3. ZLlfi(t)+ f2(t)] = Fi(s) + F» (s) Linearity theorem
4. | ZL|ef(t)| =F(s+a) Frequency shift theorem
5. Llf(t—T) =e*1F(s) Time shift theorem
6. ZL[f(at)] = +F () Scaling theorem
7. Z _%} = sF'(s) — f(0-) Differentiation theorem
8. Z _TTS- = 5°F (s) — sf(0—) — f(0—) Differentiation theorem
0. Z -%~ = s"F'(s) — Z s" ¥ fk=1 (0—) Differentiation theorem
S k=1
0. 2| fnt_ f(7) dT] — FES] Integration theorem




Example

A f —(a+a.)t dt

—(s+a)t ‘ __A
t=0  s+a

F(s) = f f(t)e ® dt = f Ae e st dt
0 0

= — 4,

s+a

inverse transform of F(s) = 1/s2 is tu(t)
inverse transform of F(s + a) = 1/(s + @) is e~ %tu(t)

Hence, f,(t) = e~3tu(t).




continued...

initial conditions of y(t) and dy(t)/dt givenbyy (0 -) =0 andy(0—) =0

32
s’Y (s) + 12sY (s) + 32Y (s) = —

39 32
Y (s) = s (s2 + 12s + 32) a s(s+4)(s+8)
32 K. K K
Y =706+~ s TG+ T G+9)
1 2 1
Y(s)=——

s 514 (519




continued...

Y(s) =

1 2

1

s (s+4) "

(s + 8)




continued...

A B C D
+ + =+
s s+2 (s+3) (s+3)

10 5, +4_Oe—3r
9 3 9




continued...

F(s) = ———
%)= s(s2 4+ 2s +5)
3 . Kl K23+K3
s(s2+25+5) s s2+2s+5
3/5
s(s?+2s+5) s 5 s2+25s+5
A(s+ R
<z [Ae_”’tcos wt] — (s > a) ;
(SJF&J; T . & [Ae_“tcos wt%—Be_”tsinwt} =
£ [Be_“tsinwt] = {;
(s +a)” + w?
3/5 3 (s+1)+(1/2)(2)
F(s):——g BT f(t) =
8 (s+1)"+2

K

_3 —_5
5 - 5

A(s+a)+ Bw

s+a) + w?
( )

2

3 3 1
== ge_‘f‘ (cos 2t + —sin Qt)



Transfer Function

d"c(t) d" e (t) d™r (t) d™ Lr(t)
n _ o t) =b,, b, e b t
In—— t 1 — 5 — + + ape (t) m - T Om-1—— o et or (t)
[nput | [~ Output - Note: The input, r(7), stat?ds for reference 1:nput.
r(t) c(1) The output, ¢(), stands for controlled variable.

a,s"C (8) + a, 18" 1C(s) + - -+ + agC (s) + initial condition terms involving c (¢)
= b, s"R(8) + byp_15™ 1R (s) + -+ byR (s) + initial condition terms involving r (t)
assume that all initial conditions are zero

(a,n.s” +a, 18" T+ + ag) C(s) = (bmsm + by, 18"+ bg) R (s)

(bmsm +by18™ -+ bﬂ)
 (aps" +ap_15" L+ -+ ap)

C(s)=R(s)G(s)




Example

sC(s)+2C (s) = R(s)

C (s) 1
GO =Re) ~ 572
R(s)=1/s
C(s) = R(5) G (s) = 3(312)

12 1/2
T s 542

1 1
(s) c(t) =5 - 55‘2‘*



continued...

s°’C(s) + 3s*C(s) + 7sC(s) + 5C(s) = s’R(s) + 4sR(s) + 3R(s)
(s> +3s° + 75 +5)C(s) = (s> +4s +3)R(s)

C (s) s +4s+3

R(s) T P 132+ 7545

R

G(s) =

C(s)  2s+1 d’c de dr
R(s)_52+6s+2 dt? | 6dt ' 26_2dt i

G(s) =



continued...

1 s _ 1
CO=ROCWO=5 = e

A B C
=+ +
s(s+4)(s+8) s (s+4) (s+38)

=—-—e"+—e
D=35"16° "3

1




Electrical Network Transfer Functions

Impedance Admittance
Component Voltage-current Current-voltage Voltage-charge Z(s)=V(s)/I(s) Y(s) =1I(s)/V(s)
1 ! . dv(t) 1 |
? e ] = C NE) = — i _ .
¢ W) =5 [ ioas i0=C (1) = =4(0) — Cs
Capacitor
+ oL dq(1) 1
W v(t) = Ri(t) i(r) = EV(I) (t) = — R = G
Resistor
di(t) 1 /! d*q(1) l
4 = L 1 = — ¥ J = v
— 0000 —  vo=L— i(0) = 7 A v(z)dz ()=L—>3 Ls .

Inductor




Example

Find the transfer function relating the capacitor voltage, V(s), to the input voltage, V(s)
L R di (t) 1

L T +Ri(t)+5ﬁi(r)df—v(t)
D*
1(1)

1(t) = dq(t)/dt

2
L d;g‘*) —|—Rd3—f) + éq(t) — v (t)

q(t) = Cug (1)

+
— vc ()

v(1)

d*ve (t) dvc (t)
L | | t) =v(t
C—5— + RC—— +vc (t) = v (1)
(L032 + RC's + 1) VG (3) _V (S) Vels) _ 11,£LC :
assuming zero initial conditions V(S) 24+ —5+—

L LC



continued...

find the transfer function, /5(s)/V(s)

RIII(S) + LSI[(S) — LSIQ(.S‘) = V(S‘)

|
LSIZ(S) + RZIZ(S) + aIQ(S) — Lsl (S) =0

(Rl + LS)I] (S)

—LsI(s) + (Ls + Ry + Cl, )12(.5')

A=

(R 1 + LS) —Ls

1
—L Ls+ R, + —
A (S p) CS)

— LsI»(s) = V(s)

Vis) (




continued...

(R] + LS) —Ls

A= L Ls+R +i)

—LS ( S+ I Cs

(Rl + LS) V(S)
—Ls 0 | LsV(s)

[2(s) = A ~ A

I L LCs?
G(s) = 2(5) By §

Vis) A (R +Ry)LCs? + (RR,C +L)s+R,



continued...

Vi(s) = V(s) | Vi(s)
Rl T Ls

CsVe(s) +

Find the transfer function, V¢(s)/V(s) R l Rz
(1) | C ;{ ve ()
11(2) i»(1)
R, R,
Vi(s) Ve (s)
)=Vl AR o
2
-
Vel(s) = Vils) 0 Vi) (1) Ls &=
R2 - I;(s) I5(s)
1
(Gl + Gy + T )VL(S) — GV (s) = V(s)Gy

—GVi(s)+ (G2 + Cs)Ve(s) =0



continued...

GG
Vels) _ c '
Vi(s) (G| + G))s2 + Gleé+ Cot fé
+ (2s + 2)11(s) — (2s + 1)I»(s) — I3(s) = V(s)
—(2s+ DI1(s) + (9s + 1)I1(s) —4sl3(s) =0

—Il(S) — 45‘12(.5') + (43 + 1+ %) 13(.5‘) =0




continued...

Op-Amp

W AANN—
AVAVAY

V.(s)
V-(S) Zl (S) V (S) "'-_12(3) 1 \ V(}(S)
VONANATE) _ V)
—_— V”(S) P /

I,(s)
1i(s) / § -

_ 1

Vo (s) __ Z(s) Vo(ST) _Zi(8) +Z5(s)
Vi(s)  Zy(s) Vi(s) Z1(s)




continued...

_360x%10°

6 20165+ 1
564+ 10"s + 360 < 107
1 107
- — = 10° + —
Zz(S) R, + Cos 220 x 10° + -
s? +45.95s5 + 22.55
Vols) _ 1 n3p s £45:95s

Vi(s) s



Translational Mechanical System

Impedence
Component Force-velocity Force-displacement Zy(s)=F(s)/X(s)

Spring

x(f)
: | = F\-‘ T)dt = Kx K
T 0 0K [ o £(6) = Kx(0)

K

Viscous damper

ll — Y1) d-
: ) £0) = (0 £ty = £, 20 £
1 f
Mass
—t— X(I) 4 (r] d" ()
v “x(t )
fy=M— ) =M= My




Find the transfer function, X(s)/F(s)

> x(1)

Kx() =T

2
M—dx -

dx

dr?

—— X(s)

KX(s) =770

Ms2X(s) -

fisX(6) = M=

Example

a EPPSEReE
/UO—O_O_\_
—

—— x(?)

f,

assuming zero initial conditions
Ms*X(s) + f.sX(s) + KX(s) = F(s)

(M s*

G(s) =

+ 5 + K)X(s) = F(s)
)@ 5 |

F(s) Ms>+fs+K




continued...

Find the transfer function, X»(s)/F(s) (Ky + KX (s) =— 5

__f"] & Iy ——fg ® (fv +fv )TX 1 (E) --—%—h-— KZXE(S)
A ——— - ' 1 3 ,

! |

- g ] T k[ FO) = fsXa(s)

: | AWM K, _.'?.2;5}5'_%35;23—”00?)@—: | M 5°X ((s) =— 55

: S I I xn 'i"‘r"'] SR : 1 (Ky+ K3)Xp(s) =— 57

|.|.|.|.|.|.|.|.|.|.|./|.|.|.|.|.|.|.|.|.|.|.|.|.|.|.|.|.|. "'_-..,fvjsxl(kg)
b, f, (fy, * f,,)5X>(s) *'—Mz

e KX ()

[Mis™(fy +£.,)5 + (K1 + K2)IXi(5) = (£,5 + K2)Xo(s) = F(s)  Mas™Xo(9) =—{ -

— (f.,5 + K2)X1(s) + [Mas® + (f,, +£.)s + (K2 + K3)]Xa(s) = 0

[Mys* + (f,, +£.)s + (K| + K>)] —(f,,s + K>)
—(f,s + K3) [Mys* + (f,, +1,,)s + (K> + K3)]

Xo(s) (fi,s + K2)
F(s) A

A =

= G(S) =




continued...

[M1s* + (f,, +£,)s + (K1 + K2)1X1(s) — K2Xa(s) = £,,5X3(s) = 0
—K2X1(s) + [Mas® + (£, +£,)s + K2]Xa(s) — f,,sX5(s) = F(s)
—f..5X1(5) — £,,5Xa2(s) + [M3s” + (f,, +£,)s)X3(s) = O



Rotational Mechanical System

Torque-angular Torque-angular Impedence
Component velocity displacement Zy(s) =T(s)/0(s)
1(t) 6(t)
: | Spring /7y /\
: : | T(r) = K_f{;m{r)dr I'(t) = KO(r) K
| ! !
= NN
Viscous 7(7) ¢ (1)
1 damper
. pl ,ﬁ f‘ T(t) = Dat) T(f) = D%ﬂ) Ds
- T I
| —_—
1 D o\
I(t) E1(1)
Inertia /4 / "\

|| da1) dz{)(r) 5
9‘ N =74 M =J=2n /s
J




Example

Find the transfer function, 0,(s)/T(s): (1) 0,() 0x(1)

(J1s* + Dis + K)0(s) — KO(s) = T(s)
—K0:(5) + (J2s* + Das + K)0(s) = 0
A (/15> + D1s + K) —K
—K (J25* + Drs + K)
Or(s) K

T(s) A




continued...

(J15* + Dys + K)0,(s) —K0(s) —005(s) = T(s)
—K0O,(s) +(J25% + Dys + K)O5(s) —D,s505(s) = 0
—06,(s) —Dy50,(s) +(J35> + D3s + Dys)03(s) = 0



}"191 — F292
92 . r N1
01 rn N

System with Gears

N
T\ 00y, 2 65(1) Ty(0)

drive gear,
Gear 1  Output
driven gear,

Gear 2

T, 6, N,

11601 =150,

I, 6 N |
I — N [ - =



continued...

Ty() 61(n)

ANA
L\

Ny
0,(1)

D

|
N, U000
K

N
We want an equivalent system at 8; without gears. (JSZ + Ds + K) 92(5) =T, (S) N—2
|
E N
N

T\(t) 0

D|

Ny )2
N,

g

(Js* 4+ Ds + K)%Ql(s) =T1(s)

;

2

M 252+D adl 2s+K all
N> N> N,

2

1

(91 (S) — T1 (S)

For impedance reflection, use

Number of teeth of

|

Number of teeth of

2
gear on destination shaft )

gear on source shaft




Example
Find the transfer function, 0,(s)/T(s)

Ty(2) 61(1) B N, o)
t q i D_Nl D JE_JI(Nl) £
A 02(1) - | A
| g ,
tle N %) - ) = DE:Dl(JTI) +Ds
2 ||
= 2 K. =K,
v P AR
(JESZ + D,s +K€)92(S) =T, (S)—2 I'1(2) (Fl) 0, (1) N, i
- NN LT
GO = = o )00
TI(S) JESZ + D,.s + K, JE=JI(%)+J2 K,=K;



continued...

Find G(s) = 6,(s)/T(s)
3Y N,=4
_ 1=
( E)J 1=2 kg—mz)— D=1 N-m-s/rad
(1)
N> =12 .
2 =) ], = 1 kg_ml)f

D, =2 N-m-s/rad K =64 N-m/rad =

N4 =16 ~ |
-3 = 16 kg-m2}— (000 —
D3 =32 N-m-s/rad _@ ’ : J| :

N3=4

N,\* N5 \° N,\* AN
]e :]2 +]1 (N_1> +]3 (N_4> De — DZ + Dl (N_l) + D3 (N_4)

12\° 42 12\° 4\2
:1+2X(T> +16><(E) =20 :2+1X<T> +32X(E) — 1z



continued...




State-Space Representation

X = state vector

x = Ax 4+ Bu

X = derivative of the state vector with respect to time
y = output vector
u = input or control vector
y = Cx 4+ Du A = system matrix

B = input matrix
C = output matrix
D = feedforward matrix

% = ay1x1 + ajaxy + byv(t)

y = c1x1 + c2x0 + dv(t)
dx»>

— = a1 X1 + axxy + byv(t)



Example

1 dvc | ch 1 1 .

__1 : __1 : R
va+lL Cdt va+lL# 7 RCVC C!L

v = —vc + v(t) diy di; 1 1
—_— = - —_— = - — —vIf
Ldt vc+v(t)»dt ch+Lv()



continued...

dve _
dt

Lo
rRCc'cT

diy _
dr

|

L

1
Ve + Z V(t)




continued...

(s° +9s” + 265 + 24)C(s) = 24R(s)
¢ +9¢ + 26¢ + 24c = 24r

xp=c X1= X2

Xy = X3

X3 = —24x1 — 26xp; — 9x3 + 24r
X3=C Y=C=1X]

Choosing the state variables = x; = ¢




continued...

r(t)

—F

24

[

x, (1) y(1)

24

9 —
26 ~-—
y=Cc=Xx
jCl == X2
iz — X3
x3 = —24x; — 26x, — 9x3 + 24r




continued...

R(s) | X(s) C(s)

- . 2+ 7s+2

53+ 952+ 265 + 24

C(s) =(s* + 7s + 2)X(s)



continued...
C(s) =(s* + 7Ts + 2)X1(s)
c=Xx1+ 7x1 + 2x1
X1 = Xo
A1 = A3

y = c(t) = x3 40 + 2x




continued...

rit)

_ri{r}

X,(1)

26

x,(1)

24

i _:5; y(1)

2

X1 | . 1 0

X 0 0 1

W] |24 —26 -9
y=[2 7 1]




continued...

X(s 1 v
%: TS (" +Ts+NX()=R(S) x+7x+9x=r

X. =X . oo °
: X,=X==Tx=9x+r=-9x, —7x, +r

Defining the state variables o




State-Space Representation to Transfer Function

x = Ax + Bu > sX(s) = AX(s) + BU(s) =) (s — A)X(s) = BU(s)
Y(s) = CX(s) + DU(s) ﬁ

@ X(s) = (sI — A)"'BU(s)

Y(s) = C(sI — A)"'BU(s) + DU(s)
= [C(sI - A)"'B + D] U(s)

y = Cx + Du

T(s) = % =CGI—A)"'B+D

if U(s) = U(s) and Y(s) = Y(s)




Example

find the transfer function,
T(s) = Y(s)/U(s), where U(s) is the input and Y(s) is the output.

-0 1 07 " 107
Y(s) § x=| 0 0 1|x+]0
T(S)=m=C(SI—A) B+D __1 _2 _3_ _O
y=|1 0 0]x
s 0 O] -0 | 0 I —1 0
(sI-A)=(0 s O|-] O O 1|=|0 s -1
00 s|] [-1 =2 =3] |1 2 s+3




continued...

(2 + 35 +2) s+ 3 1
— i s(s+3) s
[—A)' = adj(sI—A) L —S —(2s+1) ]
¢ - det(sT - A) s+ 352 + 25 + 1
10"
Y(s) .
. == —A) " B+D
B=|0 T(s) 0 C(sI - A) +
. O - 2
' 10(s° + 35 + 2
C=[1 0 0] T(s) = ( )

3+ 352 +2s + 1



Ime Response

Output response = Forced response + Natural response
» Forced response = Steady-state response or Particular solution
»Natural response = Homogeneous solution

Poles: Values of the Laplace transform variable, s, that cause the
transfer function to become infinite

Zeros: Values of the Laplace transform variable, s, that cause the
transfer function to become zero



continued...
G(s) Jo

R6) =5 [T42] CO) ‘
s+5 g s-plane
\) + 2 A B () >0
C(s) = ( ) = — % =
S(S + 5) A A -I— 5 Pole-Zero plot of System
25 305 ey
) s+ 5 T 5+5|_ . 5
2 3 _s
c(t)y==+-€" SNGREZ))
( ) 5 5 ’ J §——3 5




continued...

Input pole System zero System pole

|

Output |
transform | § s+57 1
| e e t___i_J
Output I 2___3 o
time l c(t) = g + gé'_ﬁr :

response | _7/_ — _X._I

I 11 1
Forced response Natural response




15-order System

Jw
A
G(s) s-plane
R(s) a | C(s)
"|s+a > _)6(1 >0

Laplace transform of the step response, C(s) = R(s)G(s) = c
s(s + a)
11
s s+a

ct)y=cr(t)+cu(t)=1—e*




continued...

R0 2.2

1

i Initial slope = e—— Rlse Tlme’ TT e
1.0 7 a
0.9 7 — [time for the waveform to go from
0.8 ¥ 0.1 to 0.9 of its final value]
0.7 F
0.6 LC 63% of final value
05 - at = one time constant 4
04 Settling Time, T, = —
03 a
02k [time for the response to reach,
01 and stay within, 2% of its final
| | L o ¢ value]
0 1 2 3 4 2
[ (| ol ol ol
- TF =
- T-,




continued...
G(s)=b /(s+a)

Laplace transform of the step response, C(s) =

b _bla_ b/a
s(s+a) s (s +a)

b 1
DC Gain, K = — 10
a K=10
(also known as “Steady-state Value”) i
8 >
A 7t
S
o o O K=5
& ° 5
g 4
g K=3
3 -
2 >
K=1
1
2 ,
5 10

Time



15t-order System with Zero

B

1 Case 1: Pole is nearer to imaginary axis
S + 3
If input is step, R(s) = 1/ 10 s i S
Del)
~C(s)=R(s)-G(s) = i .
. s(s+3) s
10 s
210 e
5 S + §

15
Time



continued...

F(s+3)
G(s) = >
S+§
If input is step, R(s) = 1/
F(s+2)
~C(s) =R(s):-G(s) = 5
S S+§)
10
10
= C(s) = — —/3
S S+§
10

14

13

12

1

10}

Case 2: Zero is nearer to imaginary axis

Time

10

15



2"d-order System

602

G(s) = n
(5) s? + 20 wy,s + w?

Natural Frequency, w,, = frequency of oscillation without damping

Damping Ratio, { = exponential decay frequency / natural frequency

Pole Location: §1. 2 = —Cae),,,I ia)n\/Cz -1



continued...

C Pole Location Step Response
jo c(?)
A A
, s-plane
Xjw, *P
¢=20 -0
X Jo, t
Undamped
Jj s-plane c(1)
A
X j 1 — CZ
0<{<1 o
_Cmn
_; Y ) > [
X jon V16 Underdamped




continued...

C Pole Location Step Response
Jo c(?)
A A
s-plane
¢=1 X -0
_é‘wn
- [
Critically damped
Jo c(1)
~lo,+0,/2-1 A }
\ s-plane
¢>1 X—¥ -0
- [

Overdamped




Example

Find the values of { and w,,,  characterize the nature of the response.

400
a. Gls)=5———5 a. (=03, 0, = 20;underdamped
900 n _ .
b. G(s) = 7905 2900 b. { =1.5, w, = 30;0overdamped
c. G(s) =7 32015+ 775 C. C — 1j @, = 135;critically damped
d. G(s) = 025 d. { =0, w, = 25;undamped

5% + 625



Underdamped 2"¢-order System

>
Laplace transform of the step response, C(s) = L
\ , €18) s(s? + 2w,s + w?)
181 K K>s + K3
;‘:_ s 2+ 2lw,s + @?
1.2 |
1.0 ‘ ;
EE : | / c(t) =1— 5@t (cos o\ 1=t + \/f_ié’zsin w,\/ 1 — Czt)
04+ J _ L tou /
Ny ' =1 —\/1—_76 ot cos(wpy/ 1 = E2t — )
1/ where ¢ = tan~'({//1 = &?)

| | | ] | | | ] | | l ] | | l | [

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
2"d-order (underdamped) step responses for damping ratio values




continued...

Rise Time, T’

[time for the waveform to go from 0.1
to 0.9 of its final value]

I

Peak Time, T,, =
» Ap
a)n\/l — (%

[time to reach the first, or maximum,

(1)

A
Cmax o
102k _ \
Cfinal -

r = e ———
[}.98(:1-'"131
0.9¢knal
peak]

0.1¢final l-=/

Y

P

!



continued...

Percent Overshoot, %0S = e_((”/ : 1_(2) X 100

Cmax — Cfinal > 100

Cfinal
4 Damping |Normalized
. . A ti ise ti .
Settling Time, Ty, = —— ol o Evaluation of T,
zwn 53l 0.2 1.203
. . ) & 0.3 1.321
[time for transient’s damped |5 26} 0.4 1.463
. . =
oscillations to reach and stay |£ 24} SR B
within +2% of the steady-state |z [ 0.7 2.126
Z 20k 0.8 2.467
Value] X 0.9 2.883
£
9
%
l(} 1 | | | | | 1 | -
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Damping ratio




continued...
.f:ﬂ T
T, = =
————————— -+ jw,V1 - £ =jw p 2 a)
JWy - J®0g G)HVI — C d

@y s-plane

; . 4 4

_C{I}” = — Ja' — —

T

! s =

|

: Cw, 04
¥ —————— == - o,V - =—joy

wy = damped frequency of oscillation
0, = exponential damping frequency
{ = cos@



continued...

%08,

Jja
A

T,

%0S,
s-plane
T,
T, T,

wy = damped frequency of oscillation
(imaginary part)

o, = exponential damping frequency
(real part)

Ll 2

Iy, <Tg
sz < Tpl
70081 < %08,

c(1)

Exponential decay generated by real
part of complex pole pair

Sinusoidal oscillation generated by
imaginary part of complex pole pair




continued...

(1)

[

Envelope the same

=
c(1)
Frequency the same

e

c(t)

Same overshoot

4

K

1—o>2—03

s-plane
Pole
I motion
2
3
2 1 7
X
s-plane
Pole
motion
2 1
3 Jjw
2 I
1 s-plane
Pole

motion

Settling time is same.
Peak time decreases.
Overshoot increases.
Rise time decreases.

Settling time decreases.
Peak time is same.
Overshoot decreases.
Rise time increases.

Settling time decreases.
Peak time decreases.
Overshoot is same.

Rise time decreases.



Example




continued...

Find damping ratio, natural frequency, peak time, overshoot and settling
time for an underdamped 2"%-order system, if the poles are at —3 + j7.

Jw

A

X |i7=jo, 7
{ = cos O = cos (tan_1 5) = 0.394
\ | w, =72 + 32 = 7.616
/ T = — =2 — 0449
o -~ P wg 7
Overshoot = e_(zn/V 1_52) X 100 = 26%
T. = i = i = 1.333
S 04 3
X —J7="jwg




2"d-order Approximation from 3™-order System

Complex pole at: —{w,, + jwy/1 — {2
Real pole at: —a,

Jjw Jjo Jjo
p1 A p1 A pr A
X X X
s-plane s-plane s-plane
P p ; p p
% = 0 ¥ = =
_arl _gwn _af’g _gmn _gwn
X X X
%) P2 P2
Case | Case 11 Case III

A B(s+lw,)+ Cwy D
Laplace transform of the step response, C(s) = —+4 5 . +
s (s+lw,) +w; Ssto

c(t) = Au(t) + e *“"'(B cos wyt + C sin wyt) + De™*"



continued...

Response

0

|

= Time

L
I Au(1) + e $@4(B cos wyt + C sin @ 41)
II
Case |
{ De o1
Case |
Jjw jo
P1 A P1 4
X X
s-plane s-plane
P P p3 P
- -0 - -0
- ar _é’(ﬂn - a’rz _gwn
X X
P2 P2
Case | Case 11

Rule of thumb: if the real
pole is five times farther
to the left than the
dominant poles

_;’wn

X
P2

Case 111



Example

Determine the validity of a 2"d-order approximation for each of these
two transfer functions:

700

a. G(s) = G+ 15)(2+4s+100) & ggzr;;p;lslxep;czlislast —2+j9.8
360 o
b. G(s) = More than five-times further.

(s + 4)(s* + 25 + 90) So, approximation will be valid.

b. Complex poles at —1 + j9.4
Real pole at —4
Not more than five-times further.
So, approximation will be invalid.



Effect of Adding a Zero

(s + a)C(s) = sC(s) + aC(s)

> If ‘@’ is very large, the Laplace 6]

transform of the response is 14
approximately aC(s) , or a
scaled version of the original
response.

> If ‘@’ becomes smaller, the

—
¥
|

o
|

S
oo

zero at —3

zZero at —5

Normalized (1)

S
=

-

zero at —10
derivative term contributes o4 no zero
more to the response and hasa o2
greater effect. . . _.
0 2.0 4.0 6.0

Time (seconds)

Effect of adding a zero to a 2-pole system



continued...
What if ‘a’ is negative?
The zero is in the right half-plane.

Nonminimum-phase system: response begins to turn toward the

opposite direction of the final value.
A

1.5

0
1.0 2.0 3.0 4.0 5.0 6.0
Time (seconds)
—0.5




Pole-Zero Cancellation

0.033

7(s) = K(s¥7)
(s473)(s* + as + b)
- 26.25(s + 4) B 26.25(s + 4)
Cils) = s(s +3.5)(s + 5)(s + 6) 0= s(s +4.01)(s + 5)(s +6)
1 35 35 1 0.87 5.3
Ci(s) =—— - i—
1(5) ) S+5+S+6 s+ 3.5 C2(s) S S+5+S+6+S+4.01
0.87 5.3
Ca(s) =~ — —
2(s) S s+5 s+6

e2(t) = 0.87 — 5.3¢7>" + 4.4¢7°



continued...

s+ 3 ! 1.5 !
(@)  G(s) = > [ Ge(s) = — I
(s +2)(s? + 3s+ 10) ! s?+3s+ 10
| |
(b) G(s) s+ 2.5 :G ( ) 1.25 :
p— S —_—
(s+2)(s2+4s+20)] ¢ s2 +4s + 20 |
0.18 . T ' ' ' 0.08
F A » # =T~ LS
oter . A \ ......................... 0.07¢ ! 2
0.14} N T 1 S > O TTTPOO
) 0.06} '
0.12} ! : /
! 0.05¢ N
ﬁ 01 :I T § :
= I =
E ' —— Before cancellation g 0.04 N
0.08f ! . 1 0= - i
; _ _ _ After cancellation ! Before cancellation
! 0.03} i - - — After cancellation
0.06 ! '
I
! I
0.04f | {002,
[/
I I
0.02f ] 0.01+
0 : : : : : ' 0 : : : :
0 0.5 1 1.5 2 2.5 3 3.5 4 0 0.5 1 1.5 2
Time (seconds) Time (seconds)

(a) Difference in response; probably shouldn’t cancel. (b) A little less difference, but still some.



continued...

———————————————————

Amplitude

s+ 2.1 I
C G g = 1 _
( ) ( ) (19+2)(52+219+5) : C(S)
s+ 2.01 :
d G(s) = | _
(d) (s) G rssr20)| G
0.35
0.3}
0.25}
§ ool N
g
0.15F
—— Before cancellation
0.1 - - - After cancellation
0.05}
DD 2 cll 5 B 1ID 12

(c) Can definitely cancel here; almost no difference.

Time (seconds)

0.04f

0.03}

0.02

0.01f

—— Before cancellation
- - - After cancellation

0.5 1 1.5 2 2.5

Time (seconds)

(d) Pole & zero completely cancel (almost).




Example

Determine the validity of a 2"%-order step-response approximation for
each transfer function shown below:

185.71(s + 7)

a. G(s) = (5+6.5)(s + 10)(s + 20) 2. C(s) = 1 N 0.8942  1.5918 (.3023
s s+20 s+10 s+6.5
b. G(s) = 197 14(s + 7) second-order approximation 1s not valid.

(s +6.9)(s + 10)(s + 20)

o C(s)= L4 09782 19078 _ 0.0704

s s+20 s+10 s5s46.5

second-order approximation 1s valid.



Control System

EEE 401 (Part 2)
Dept. of EEE, BUBT




Block Diagram Topologies

(1) Cascade Form

R(s)

—-..

Gi(s)

-

Xo(s) = X,(s) = C(s) =
G1(s)R(s) GH(s)G1(s)R(s) G3(s)Go(s)G(s)R(s)
- GZ(S) - G3(S)
G.(s) = G3(5)Ga(s5)G1 ()
R(s) C(s)
o T

G3(5)Ga(s)Gq(s)




continued...

(2) Parallel Form

X1(s) = R(s)G(s)

— Gy(s)

+
R(s) ol G.s) X5(s) =R(s)Gr(s) =+

Cs) = [£ G1(s) £ Gals) T G3(9)IR(s)

X3(s) = R(s)G3(s)

| G5(s)

G.(s) = £ Gi(s) £ Ga(s) £ G3(s)

R(s) >l G (s) £ G(s) £ Gs(s) C(S)..-




continued...

(3) Feedback Form

Plant and
controller
R(s) + E(s) - G C(s)._
Input _% Actuating Output
T signal
(error)
H(s)
Feedback
G(s)
G.(s) =
(5) 1 £ G(s)H(s)
R(s) G(s) C(s)
> =
Input | 1T G(s)H(s) | Output




Example

&"' Gy(s)

e G e

H\(s) [e—

H(s) =

H3(s) fa—o

RS o Gys) |5 Ga(5)Gals) c),

B R(s) G3(5)G2(5)G(5) Cs)_
1 + G3(5)Go(s)[H | (s5) = Hy(s) + H3(s)]

Hi(s) — Hy(s) + Hy(s) |=




continued...

Gy(s)

Ga(s)

Va(s)

Go(s)

Ve(s)

H(s)

H(s)

G;(s)

C(s) _

1+ G3(s)H3(s)




continued...

R(s) + Vi(s) + V(s) 1 ) G;(s) C(s)
G "l G [T e -
H>(s)
G1(s)
H I(S) e E—

R(s) + G1(5)Go(s) V4(s)__ ( L, 1)( G3(s) ) CGs)
_ GH(s) 1 + G3(s)H3(s)

XS 4 by (s) |l
Gy(s)

RGs) | G1(5)Go(s) V) | ( L, l) ( Gs(s) ) s

1 + Ga(s)Ho(s) + G1(5)Go(s)H(s) Gy(s) N\ 1+Ga(s)Hx(s)
R(s) G1(5)G3(s)[1+ Go(s)] C(s)
> £

[1 + Ga(s)Ho(5) + G1(5)Ga(s)H (][ 1 + G3(s)H3(5)]




continued...

f—
f—

C(s) - =

Ly
(N
05}

TN
+
05}

[\
_|_
N
05}




continued...

a)n=\/275=5

20w, = 5= =0.5

25

T(s) =

(5) s+ 55+ 25

T, = " = ().726 second
P Wy, \/1 — C2 |

%0S = ¢~7/V1=C % 100 = 16.303

T, = 4 = 1.6 seconds

L,



continued...

T(s) = =

2+ 55+ K
Wy = \/E s 10% overshoot implies that £ = 0.591
2w, = 5= = K=17.9




Signal-Flow Graphs

* Alternative to block diagrams

Xo(s) = Xi(s) = C(s) =
R(s) G1(s)R(s) GH(5)G(S)R(s) G3(5)Gr(s)G(s)R(s)
— Gi(s) > Gos) = G3(s) -
Gi(s) _ Ga(s)  Gs(s)
ff("-)c - \_/ - \_/ - O‘C("n)
V() Vi(s)
Plant and
controller
] G(s)
R(: E( C(. . - .
&) % (s) G(s) Y Ris) O——mO—s C(s)
Input Actuating Output .
signal E£(S)
error
(eron —H(s)
H(s) f+—
Feedback




Example

1 Gy(s) Ga(s) 1 Gi(s)
. -

O - C(s)
Va(s) Vs(s)

—H(s)

—H(s)



continued...




Mason’s Rule

_C6) _ 2 TiAx
~R(s) A

G(s)

k = number of forward paths

T, = the kth forward-path gain

A =1 - X loop gains + X nontouching-loop gains taken two at a time — X
nontouching-loop gains taken three at a time + X nontouching-loop gains
taken four ata time — . . .

A = A — X loop gain terms in A that touch the kth forward path



Example

forward-path gains  G1(5)G2(5)G3(5)G4(s)G5(s)



continued...

Gi(s) Gr(s) G5(s) Gy(s) Gs(s)
O O @ O

O C(s)

loop gains R
1. Go(s)H (s)
2. Gy(s)Ha(s)
3. G7(s)H4(s)
4. G1(5)G3(5)G4(5)G5(5)Ge(5)G7(5)Gg(s)

H y(s)

nontouching loops taken two at a time
Loop 1 and loop 2: Gy (s)H (5)G4(s)H(s)

Loop 1 and loop 3: Ga(s)H(s)G7(s)H4(s) Non-touching loops are

those not sharing any
common node or branch.

Loop 2 and loop 3: G4(s)H2(s)G7(s)H4(s)



continued...

nontouching loops taken three at a time
Loops 1, 2,and 3 G2 (s)H1(s)G4(s)H2(s)G7(s)H 4(s)

A =1—[Ga(s)H (s) + G4(s)H(s) + G7(s)H4(s)
+ G2(5)G3(5)G4(5)Gs(5)Ge(5)G7(5)Gg(s) ]
+[Ga(s)H1(5)G4(s)H2(s) + Go(s)H 1 (5)G7(5)H 4(5)
+ Gu(s)H2(s)G7(s)Ha(s)]
—[Ga(s)H 1 (5)Ga(s)H2(5)G7(s)Ha(s)]

Since there is only one forward path, Ay = 1 — G7(s)H4(s)

T\A
G(s) = 2& 1

[G1(5)G2(5)G3(5)Ga(s)Gs(s)][1 — G7(s)Ha(s)]
A




continued...

forward-path gains
G,G,G, and G,G,.

loop gains
"Cﬁ(irkﬂ: _4351¥ﬁa
and —G,H,.
nontouching loops taken two at a time
—-G6,G,H |-G H; | = G,6,GH H,

-G, H,]|-G,H,] = G,GH, H,.




continued...
A=1+GG,H +G,H, +G,H, +GG,GHH, +G,G,H, H,.
A, =1land A, =1

T A
C(s)_z‘ C LA+ DA,

k

R A A
(5) 616,631+ GGy - 1

A
G,G,G3 + G1G

T(s)=

"1+ G,G,Hy + G,H, + GaHs + G1G,G:H,Hs + G,G4H, H;



Sighal-Flow Graphs of State Equations
X1 = 2x1 — 5x> + 3x3 + 2r
Xy = —6x1 — 2x0 + 2x3 + S5r
X3 =Xx1 —3x, —4x3 +7r
y = —4x; + 6x7 + 9x3
R(s) O O O O O O O O Y(s)
sX35) X9 sXp(9)  Xo(s)  sXy(s) X (o)

| 1

s s s
R(s)O O———o0 O——0O O———0 O Y(s)
sX5(5) X;5(s) sX,(s) X, (s) sX,(5) X, (s)



continued...

X1 = 2x1 — 5x0 + 3x3 + 2r

Xr» = —6x1 — 2x> + 2x3 + S5r

O Y(s)
X,(s)




continued...

X3=Xx1 —3x» —4x3+ Tr




Example

x2 —_— —33{72 + .I'3




Alternate Representation

24

[1] Cascade Form
C(s)

R(s) (s+2)(s+3)(s+4)

R(s) | 1 1 C(s)
— 24 - @ — - - @ — e
s+ 2 X3(s) s+3 X5(s) s+ 4 X(s)
1 1 1
24 s s 1 s 1
R(s) O = O——0) = > = () C(s)
NWANWAWE
—2 -3 —4
4 1 07 [0
x=| 0 -3 1(x+| O0]r y = [ 1 0 U} X
0O 0 -=2_ 24



Alternate Representation
[2] Parallel Form

Cls) 24 o121
R(is) (s+2)(s+3)(s+4) (s+2) (s+3) (s+4)
12 24 12
Cls) = Ris) (s+2) R(s) (s +3) +R(s) (s +4)
[ —2 0 0 - 127
X = 0 -3 0|x+ | -24
C(s) 0 0O —4] 12
y=[1 1 1]x




Phase Variable Form

Alternate Representation
[3] Controller Canonical Form

G(s) C(s) s*+Ts+2
§) = — =
R(s) s34+ 9s%+26s+24
EsH 0 1 O [x] [0 ] [ X3 | 0 | 07 [x3]
Xy | = 0 0 1 x|+ 10 X | = 0 0 1 x|+ |10]|r
| X3 | | =24 =26 -9 [x3] BYM Renumbering in | X1 | =24 =26 -9 |x_
X Reverse Order
1 X3
X3 X
[ X1 ] (-0 =26 =247 [x;]
Y| = ! 0 0 x|+ 07 Reordering in
| X3 0 1 0] Lx3] Ascending Order

y=[1 7 2] F}

X3



continued...

Phase Variable Form

|

| 24

—26

_9_

X1
X2
X3

Controller Canonical Form

X2

X3

10
0 1
17 2]{

X2

x|+ [0]|r

X3 0




Alternate Representation

(4] Observer Canonical Form

1 7 2
C(s) s*+Ts+2 B TtTat3
R(s) s>+9s2+26s+24 . 9 26 24

I +24+ >+
s s 5

26 24
1+9+ }C(?)

G(s) =

s 92 s3

1 7 2
s 528

-+ + }R(s)—

C(c)——[R(s*) 9C(?)]+—[7R(9) 26C(s)] + 1[213(9)—240(?)]

C(s) = - {[R(?)—Q‘C(@)] ([m(g) 26C(s)] +— [23(9) 24C(f;)]ﬂ



2

—24C(S)])]
-9
=26 0 1 |x+|7|r
24 0 0
0 O0]x

5

|
x N

26C(s)] + % [2R(s)

1
§
e

s)

- % ([7R(

continued...



Stability

C(I) = Cforced (I ) + Cnatural([)

In terms of natural response:

*A system is stable if the natural response approaches zero as time
approaches infinity.

**A system is unstable if the natural response approaches infinity as time
approaches infinity.

A system is marginally stable if the natural response neither decays nor
grows but remains constant or oscillates.

In terms of total response:

s A system is stable if every bounded input yields a bounded output.

A system is unstable if any bounded input yields an unbounded output.



continued...

* Stable systems have CLTF with poles only in the LHP.

* Unstable systems have CLTF with at least one pole in the RHP and/or
poles of multiplicity greater than 1 on the imaginary axis.

* Marginally stable systems have CLTF with only imaginary axis poles of

multiplicity 1 and poles in the LHP.

1
R(s)=5 + 3 C(x}_h
% sis+D(s+2)
Stable system
Jjw A
A
X 171.047 ]
s-plane
| -0 % \/
1672 -0.164
X q —1.047 0 L :
0 15 30

Stable system's
closed-loop poles

Time (seconds)

1

Je

R(s)=5 + E(s) 7
_% sis+1D)(s+2)

C(x)

Unstable system

'}

1505 F X
s-plane
X : -0
—3.087 0.0434
—j1.505 b X

Unstable system's
closed-loop poles

c(r)

T

\vJ

AN
NAVAVAVRVANAEA!

Vis\)

Time (seconds)

30

!

|



th-Hurwitz Criterion

N(s) C(s)

—...

6454 + (I3S3 + a252 +a;s+qp

5 dop
aq 0
adqg do a4 0
B a3 0 B a3 0
a3 0 3 0
B by 0] by 0]
= (] bl —0 bl —0
b, 0| b 0'
B C1 0 B C1 0 .




Example
Make the Routh table for the system shown

0
\)

R(s) + E(s) 1000 C(s) . R(s) _ 1000 C(s) _
a (s +2)(s+3)(s+5) s34+ 1052 +31s + 1030
1 31 0
2 1w 1 1030 103 0
{1 31' {1 0' ‘1 0{
1 103 . 1 0=0 1 ozo
1 ] ]
' 1 103‘ I 1 0' ‘ 1 ol
~72 ol -72 0 ~72 0
—72 =103 -72 =0 —72 =0



continued...

(# Roots in the RHP) = (# Sign changes in 15t column)

So, the previous system is unstable (two sign changes in 15t column).

Determine the stability of the closed-loop transter function

T(s) =

2+ 25 +353 +652+55+3

|
2

O ¢
6e — 7

€
42¢ — 49 — 62

12¢ — 14
3

3

W NI

-

5

— 4

_I_

This system is unstable
(two sign changes).



continued...

Determine the stability of the closed-loop transter function
10

T(s)=
(5) O 4+ 7s% + 653 +425% + 85 + 56
s 4 2
s 1 6 8/s + 65 + 8
4
) 7 1 A 6 36 8 lDifferentiation
5 A o 12 3 o 0 0
§2 3 8 0 ‘\4S3 + 125+ 0
1 l 0 0
A 3
sV 8 0 0

This system is stable (no sign change).



continued...

“*Even polynomial: has only even .
powers of s (e.g. s* + 2s% + 2). . e
**Even polynomial causes the row of
zeros to appear. A N A
* The roots are symmetrical and real
* The roots are symmetrical and imaginary /, AN
* The roots are quadrantal X [ ¢
“*If we do not have a row of zeros, we | | o calsbont e orign

cannot pOSS| bly have Jw roots. B: Imaginary and symmetrical about the origin

C: Quadrantal and symmetrical about the origin ————-



continued...

8 ] 12 39 48 20
s’ 1 22 59 38 0
s° -1 26 -2 1w o1 20 2 0
5
5 1 3 2 0 0 ‘l
5 o 4 2 o 6 3 o O 0 0 0
3 T4 +65+0

2 = 3 2 4 0 0 0

]
1 — 0 0 0 0
’ 3
Y 4 0 0 0 0



continued...

s 1 12 39 48 20
s’ 1 22 59 38 0
o — 10— 1 —-26 -2 11 26 2 0
s’ 260 1 66 3 46 2 0 0
s* 1 3 2 0 0
5 b 4 2 o 6 3 o O 0 0 0
§2 %’ 3 2 4 0 0 0
5! % 0 0 0
0 4 0 0 0 0
Polynomial
Even Other Total
Location (fourth-order) (fourth-order) (eighth-order)
Right half-plane 0 2 2
Left half-plane 0 2 2
j@w 4 0 4




continued...

tell how many poles are in the right half-plane, in the left half-plane, and on the jw-axis.

R(s) + E(s) 200

C(s) _

s(s3 + 652+ 11s+6)

200
s+ 653 + 1152 + 65 + 200

T(s) =

5 1 11
s 6 1 6 1
5 Y 200" 20
5! —19
s 20

200

e RHP poles: 2
e LHP poles: 2

* jwpoles:0

This system is unstable.



continued...

tell how many poles are in the right half-plane, in the left half-plane, and on the jw-axis.

R(s) + E(s) 1 C(s)
_ L
s(25s* + 353 + 252 + 35+ 2)

T(s) =
5> 2 2 2 |+
st 3 3 1|+

4

’%
o = +
§ € 3

. 3¢ —4
S - 1 —
J 12¢ — 16 — 3¢? +
L 9¢ — 12
s° 1 +

1

25° + 35 + 253 + 352+ 25+ 1

e RHP poles: 2
e LHP poles: 3
* jw poles: 0

This system is unstable.



continued...

128

T(s) =

(5) s8 + 357 + 1056 + 245> + 48s% 4+ 9653 + 12852 + 1925 + 128
55 1 10 48 128 128
s’ 3 1 24 8 96 32 192 64 O + 8% +322 +64
6 P 16 8 4 30 108 64/ l
§ o 6 3 32 16 o 64 32 o O 0\

5 3

r %, , %i, g “ 2 6s” + 3257 + 645 + 0
5 —8= 40 -5
5 3 24 8

OO0 ) =




continued...

s 1 10 48 128 128

s’ 3 1 24 8 96 32 192 64

s° 2 1 16 8 64 32 128 64

5> 0 6 3 0 32 16 0 64 32 0 O 0

8 64

5t 5 | = 8 64 24

5> —8=1 —40 -5

5° 3 1 24 8

g! 3

sV 8

Polynomial
Even Other Total

Location (sixth-order) (second-order) (eighth-order)
Right half-plane 2 0 2
Left half-plane 2 2 +

Jw 2 0 2




continued...

Find the range of gain, K, that will cause the system to be stable and
unstable. Assume K > 0.

R(S) + o E(s)_ K A K
T)(s + 11 I'(s) =
s(s+7)(s + 11) )= T 82 75 1K

o3 1 77 »If K < 1386, all terms in
) the 1%t column is positive.
5 I8 K The system is stable.
1 1386 — K % If K> 1386, the s! term in
5 18 the 15t column is negative.

0 K The system is unstable.




Steady-State Error

A

<= Qutput 2

(1)

Input X

~— Qutput 2

e(00)

~— Qutput |
Input —=

(1)

Output 1
<=—— Qutput 3

Eg(m)

Time
Ramp Input Response

Time
Step Input Response
Steady-state error (SSE) is the difference between the input and

the output for a prescribed test input as t — oo.



Test Waveform Example

Satellite in geostationary orbit N Waveform
rit)

Satellite orbiting at i
constant velocity @

Accelerating

missile

Tracking system

Name Physical interpretation
Step Constant position
rif) Ramp Constant velocity
L ]
rir) Parabola Constant acceleration

Y




SSE for Unity Negative Feedback System

* In terms of T(s)

E(s) = R(s) — C(s)~

lim f(t) = lim sF(s)

Applying the final value theorem,m == == ===~ t—>00 s —0
e(00) = rlilg_) e(t) = lin(l) sE(s) = lin(')l sR(s)[1 — T(s)]
* In terms of G(s)
L E(s) = RO C(s) = E(s)G(s)
1 + G(s)
e(c0) = lim SR(s)

s—0 1 + G(s)



continued...

o R
Step Input e(00) = lim SR(s)
R(s)=1/s s—0 1 + G(s)

(00) = egep(00) = lim s/s) _ !
A= Gt = T+ G(s) 1 +1im G(s)

* Ramp Input

R(s)=1/s°
(s)=1/s Cos(1/s%) 1 1
e(00) = epymp(00) = lim = lim

s—01 + G(s) s—0s+ sG(s) " lim sG(s)

s—0

e Parabolic Input

R(s) =1/ s(1/5) 1 I

O0) = €parabola\ L) = L =1 -
¢(%0) = €parabola(°) o0 1 + G(s) 520 2 + 52G(s) 111%52(}(5)




Example

Find the steady-state error for the system
T(s)=5/(s* +7s+10)
the input 1s a unit step.

R(s)=1/s
E(s) = R(s)[1 — T(s)]
s>+ 7s+5

- s(s2 + 7s + 10)
e(00) =lim sE(s)

s—0)

=1/2.



continued...

Su(t)«—>5/s
Stu(t)«—>5/s°
5Fu(t)«>10/s>
5 5 5
esep(%0) = 7 +1im G(s) 1 +20 " 21
5 5
€ramp(0) = ]jné sG(s) 0 *
h 10 10
€parabola(*0) = lims>G(s) 0 *

s—0



continued...

5 5
€step(00) = 1+ hng G(S) = 0
S—
oS5 _1
€ramp(°0) = limsG(s) ~ 100 20
10 10
eparabola(oo) — — =00

lims*G(s) 0

s—0



Static Error Constant
1

step|OQ ) = : K — llm S
€step(%) [+1mG(s)™ 77 550 G(s)
s—0 position constant,
| .
e (00) = — K, = limsG(s
ramp( ) im SG(S)— 1% S0 G( )
s—0 velocity constant,
| .
eparabola(oo) — _FK{I — hm SZG(S)

lim s*G(s) —s0)

s—0 :
acceleration constant,



Example

. 500 X 2 X 5 : 1
Kp }1_1}% G(S) 2% 10 % 12 5.208 i step( ) 1 +Kp
- | _
l 1
Ka = lim SZG(S)= 0 : eparabola(oo) ==X
s—0 I K,
I



continued...

. : 1 0
|
: 500x2X5%x6 1 |
K, = P—I}(}SG(S)= S <10 % 12 31.25 i eramp(oo)— K. = 0.032
I 1
Ka = lim SZG(S)= 0 : eparabola(oo) ==
|

K,

s—0



continued...

K, = lina G(s) = 0

K, =limsG(s)=

s—0

K, = lim s*G(s)=

s—0

o0

500 x2xXx4x5%x6x7

X 10x 12

= 875

1
estep(oo)= 1 _I_K — 0
P
1
eramp(oo)z f = ()
|
eparabola(oo) = K_
a
=1.14x 1073



System Type

*Number of pure integrations in the forward path

Type 0 Type 1 Type 2
Static error Static error Static error
constant Error constant Error constant Error
1
K, = Constant [+K, K, =0 0 K, =0 0
1

K,=0 o0 K, = Constant I’ K, =00 0

|
K,=0 o0 K,=0 o0 K, = Constant K




Example

What information is contained in the specification K, = 1000
* The system is stable.

 The system is of Type 1.

* Aramp input is the test signal.

* The SSEis 1/K,, per unit ramp.

What information is contained in the specification K, = 1000?
* The system is stable.

 The system is of Type O.

 Astepinputis the test signal.

* The SSE is 1/(1 + Kp) per unit step.



continued...

1 .
e(00) = = 0.1—>K, = 10 = lim sG(s)

v s—0

K X5

0=6x7x8
K =672




SSE for Non-unity Negative Feedback System

R(s) + g E (s) Gs)

C(s) _

H(s) |

G(s)

R(s) + g E(s) _

1 + G(s)H(s) — G(s)

C(s)
|

R(s) +

E(s) GGs) C(s) .~
H(s) [o+——
-1 je—
C(s
G(s) ) -

H(s)—1




Example

For the system shown, find the system type, the appropriate error
constant associated with the system type, and the steady-state error

for a unit step input. REs) + £ ) - o
G.(s) = G(s) = G+ -
1 + G(s)H(s) — G(s)
B 100(s + 5) : is) P
53 4+ 1552 — 505 — 400
the system 1s Type 0
100 x5 5
= limG.(s)= - _=
s—0) ( ) —400 4
(o)=L e Teraie vae oSS impies ot e

1+K, 1-(5/4)  output step s larger than the input step.



Actuating

Forward
transfer
function

Input signal

R(s) + : : E(?(S)

KG(s)

Output
C(s)

H(s)

Feedback
transfer
function

| R(s) KG(s)

' 1 + KG(s)H(s)

Root Locus

Camera
position

C(s)

Subject’s Motor
position  Sensors  Amplifier and camera
R(: + K
(s) K, )
_ s(s + 10)
|
1 R(s) K C(s)
|
| s+ 10s + K
I
L where K = K| K>




continued...

Jjw

A

K=50X 15

45X 4

s-plane 40 X d

35X + 73

30 X 472

- _Il
K=0 51015 20 25 2015 105 |0=
H—— K —— XA

-10 9 -8 -7 -6 -5 4 -3 -2 -l 0
171
30 X 172
35 X 173

40 X :
4 —j4

45X !
K=50X 45

R(s) K C(s)
—_—
s2+10s + K
rK Pole 1 Pole 2
0 —10 0
5 -9.47 —0.53
10 —8.87 —1.13
15 —8.16 —1.84
20 —7.24 -2.76
25 -5 -5
30 —5+j2.24 —5-j2.24
35 —5+j3.16 ~5-j3.16
40 —5+j3.87 —5—j3.87
45 -5 +j4.47 —5 — j4.47
50 —5+]5 -5-j5

A A
K =150 -1J5
45 .
s-plane 40 B
33 1.3
30 112
/1
K=0 5 10 15 20 25 20 15 105 (0=
v 1 I S I I -
X
-0 9 8 -7 6 -5 4 -3 -2 -l 0
30 - =2
35 173
40 .
| -4
45 /
K =50 - =75
Y J

It is this representation of the paths of the
closed-loop poles (as the gain is varied) that
we call a root locus.



Sketching the Root Locus

R(s) + K(s+3)(s+4) C(s)
(s+1)(s+2)

|

» The number of branches equals the number of closed-loop poles.
» The root locus is symmetrical about the real axis.
» On the real axis, for K > 0, the root locus exists to the left of an odd number of real-axis, finite
open-loop poles and/or finite open-loop zeros.
» The root locus begins at the finite and infinite poles of G(s)H(s) and ends at the finite and
infinite zeros of G(s)H(s). iw
jo ‘
A
s-plane 11
s-plane
—(O—O—%—X -0 X -0
-4 -3 -2 -1 -




Root Locus: Behavior at Infinity

A function can also have poles and/or zeros at oo.

* If the function approaches oo as s approaches oo, then the function
has a pole at oo.

* If the function approaches 0 as s approaches oo, then the function has
a zero at oo,

Example: G(s) = s hasapoleat o ; G(s) = 1/s has a zero at co.

»The root locus approaches straight lines (as asymptotes) as the locus
approaches oo,

> finite poles — ) _ finite zeros p 2k + 1)r
Oq = : : — ; B
" finite poles — #finite zeros ¢ 4 finite poles — # finite zeros
real-axis intercept, angle,

k=0, +1, +2, +3



Example

Sketch the root locus for the system shown

R(s) + K(s +3) C(s)
\ S(s + 1)(s +2)(s + 4) g

) finite poles — ) _ finite zeros
Oa = # finite poles — # finite zeros

_(-1=-2-4)-(-3) 4

e T et T R
9 — 2k + 1)z 4 B 2

“ 4finite poles — # finite zeros

=7x/3 fork =0

=7 fork =1

= 57/3 fork =2

Asymptote

Asymptote

s-plane




continued...

Sketch the root locus and its asymptotes for a unity negative feedback
system that has the forward transfer function:

K

Gls) = (s+2)s+4)(s+6) |

4L

) finite poles — ) _ finite zeros 3t

%4 = U finite poles — # finite zeros 2l
_(2-4-60-(0) _ _, T
3-0 SoE—X

) 2k + r ]!
a # finite poles — # finite zeros ol

T S
—_— _, 7[, — °r

3 3

] 1 ] ] 1 ] 1 g 1 ]
-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3
Real Axis



Refining the Root Locus

Real-axis breakaway and break-in points
D B
7 o+ Z; 1 o + Pi
J-axis crossings

Using Routh-Hurwitz criterion: Forcing a row of zeros in the Routh table will
vield the gain; going back one row to the even polynomial equation and
solving for the roots yields the frequency at the jw-axis crossing.

Angles of departure and arrival

Assuming a point (on root locus) close to a complex pole or zero: The sum of
angles drawn from all finite poles and zeros to this point is an odd multiple
of 180°.



—0c = —1.45 and 3.82

Example
Find the breakaway and break-in points for t

KG(s)H(s) =

(s+ 1)(s +2)

1 1 1 1 Br

+ = +
c—3 o06—-5 o+1 o+2

Simplitying,
—116” =266 - 61 =0

K(s—3)(s—5) A

ne root locus

s-plane




continued...

For the system, find the frequency and gain, K, for which the root locus crosses the
imaginary axis. For what range of K is the system stable?

R(s) + K(s + 3) C(s)
a s(s+ D)(s+2)(s+4)
s | 14 3K
50 7 8+ K
52 90 - K 21K
1 —K? — 65K + 720
’ 90 — K
sV 21K

In this table, for positive values of gain, only the st
row can yield a row of zeros.

—K? —65K +720=0
K = 9.65

K(s + 3)
T(s) =~ 3 2
s*+Ts° + 145 + (8 + K)s + 3K
Forming the even polynomial by using the s?

row with K = 9.65,
(90 — K)s* + 21K =0
80.35s> +202.7 =0
s =xj1.59

Thus the root locus crosses the jw-axis at

+ j1.59 at a gain of 9.65.
The system is stable for 0 < K < 9.65.



continued...

Find the angle of departure from the complex poles and sketch the root locus.

—]1

—251.6° = 108.4°

K(s+2)

C(s)

(s +3)(s>+ 25 +2)

Complex polesat —1 1+ j1
We take —1 + j1

——01 — 0>, + 05 — 0, =180°

| 1
»—6; —90° + tan™! (T) — tan™! (E) = 180°

O,

Angle of

dapalrtur'c_ :

6,

s-plane




continued...

a. Sketch the root locus. K (S -+ 2) [Given a unity feedback
G(S) = system that has this forward

(Sz —4s + 13) transfer function]
c. Find the gain, K, at the jw-axis crossing. =~ —======———-=-—-

- ) |
d. Find the break-in point. | Polesat 2 + 3 !
(* Zerosat —2 and o :

e. Find the angle of departure from the complex poles. ——=--—-=--==-=-=-=--—--
JO

b. Find the imaginary-axis crossing.

A : b.
> 7(s)= 2
a. \ - I+ G(S)
B 3 K(s+2)
s-plane E SZ +(K—4)S+(2K+13)
— » O : 52 1 2K+13
s’ K-4 0
s 2K+13 0
We get a row of zeros for K = 4.




continued...

From the s* row with K =4, [s’ 1] 2K+13
s?+21=0 s K- 0
— s = +j4.58 | 2K+13 0
C. K=4.
d. 1 1 1
a+2_0—2—j3+0—2+j3
1 20 — 4

o+2 02—40+ 13
— 202 —8 = g% — 40 + 13

=02 4+40—-21=0
—o0=-7,3

But, 3 is unacceptable.
break-1n point is at —7.



continued...

€ _81 + 82 — 63 —_ 1800

3
= —0; +tan~?! (Z) —90° = 180°

= 0, = —233.1° = 126.9°




continued...

Sketch the root locus for the system shown. Find the exact point and gain where
the locus crosses the jw-axis. Find the breakaway point on the real axis. Find the
angle of arrival. Find the range of K within which the system is stable.

K(S2 — 45 + 20) C(s)

(s+2)(s+4)

R(s) + %

K(s? —4s + 20)

I'(s) = (14+K)s?2+ (6 —4K)s+ 8+ 20K
Routh Table:
1+ K 8 + 20K
6 — 4K 0
—80K? + 88K + 48
6 — 4K

We get row of zeros for K = 2 = 1.5.

- o O EE EE o T T O O .y

Now, from the s? row with K = 1.5,
(1+15)s*°+(8+20%x15)=0

— 2.552+38=0
= s = 1j3.89 [jw-axis crossing]
Now, for breakaway point,
1 1 1 1
a+2+a+4_0—2—j4+0—2+j4
20 + 6 20 — 4

e =
02+60+8 o02—40+20



continued...

= (20 + 6)(0% — 40+ 20) = (20 — 4)(c? + 60 + 8)
= 1002 — 240 — 152 =0
= o = —2.87,5.27

But 5.27 is unacceptable.
So, the breakaway point is at —2.87.

For angle of arrival,

Imaginary

e

01_02_93+94=1800

4 4
— 6, —tan1 (E) —tan~! (Z) + 90° = 180°

= 0, = 168.7°




continued...

This system is stable for 0 < K < 1.5.

o

4 F




continued...

Sketch the root locus for a unity negative feedback system having the following
forward transfer function:

K (s + 2)
6(s) =
s?(s+6)
6, = 2 finite poles — ) _ finite zeros Now, for breakaway and break-in point,
# finite poles — # finite zeros 1 1 1 1
+ + =
0+0_6_(_2) o+0 o+0 o+6 2
3 3
- =—2.67 30+12 1
3-1 = — — 5
0 — 2k + Dr o<+ 60 0_+§
“ 4 finite poles — # finite zeros —2524+85+8=0
- T 372- — 0 = —2’ —7
22




continued...




