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Signal

“Stream of information Types by dimension:
that varies with some >1D: Audio, ECG
varcl:ablss Siomal »2D: Photograph
* Continuous Signal: )
sin(Qt) »3D: Video
* Discrete Signal:
_ sin(wn) All natural signals are analog.

When an analog signal is sampled,
quantized and coded, it becomes a
digital signal.




Sampling

X(t) = A cos(Qt)

After sampling with T interval,

x(nT¢) = A cos(QnT,)
= A cos(2nFnT,)
= A cos(2nnF/F)
= A cos(2mtfn)

* ) = Analog Angular Frequency
(rad/second) = 2ntF

* F = Analog Frequency
(cycle/second)

* F. = Sampling Frequency
(sample/second) =1/ T,

 f = Discrete Time Frequency
(cycle/sample) =F / F,

Example: f = 1/70 means “70

samples are collected in 1 cycle”.



Nyquist's
Sampling
Theorem

“A bandlimited continuous-time
signal can be perfectly
reconstructed from its samples
if the waveform is sampled over
twice as fast as its

7

. Nyquist
: fr n
Bandlimited channel : equency

Nyquist Sample
| ralte rate

0 B 1/2|.7Cs 2B fls

For lossless reconstruction,

F, > 2F
or,F/F531/2
or,f<1/2

So,f__,canbel/2.

7 "max

Note: Smaller f is better.
Because smaller f means: more
samples are taken in each cycle.
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Periodicity
xlIn+ N| =4 cos(w(n + N))

Previously, period was time. But here, period is sample.

Also, w = 2nf = 2tk/N, and k is integer.
x|n+ N] = Acos(wn + wN)

2Tk
= A cosS (am + —N)

N
= A cos(wn + 2mk)
= A cos(wn)
= x|n]

Note: f (= k/N) must be rational number.




Question: Is “15 COS(\/g‘ITn)” a valid representation of
discrete-time signal? Also find for “15 cos(10n)”.

>15 cos(\/gnn) = 15 cos (Zn\/;n)

5 . .
Here, f = \/2—— , Which can not be a rational number.

So, NOT a valid representation.

»15 cos(10n) = 15 cos (Zn%n)

5

Here, f = — which can not be a rational number (because 1t is irrational)

So, NOT a valid representation.



Question: x(t) = 20 cos(4t) + 30 cos(Q,t), where F; = 2000 Hz
and F, = 3000 Hz. What is the minimum sampling frequency for
lossless reconstruction? Find the expression of x|[n] for 4000 Hz
sampling frequency.

Fs(min) must be twice the maximum frequency component in x(t).

So, it should be 6000 Hz.

Now, x(t) = 20 cos(Q4t) + 30 cos(Q,t)
= 20 cos(2nF;t) + 30 cos(2nF,t)
= 20 cos(2m2000t) + 30 cos(2mw3000¢t)

So, x[n] = 20 cos(2m %999/, 550 1) + 30 cos(2m 3999/, 500 1)

1 3
= 20 cos (ann) + 30 cos (277111)



Red: 20 cos(2m2000¢t)
Blue: 30 cos(2m3000¢t)
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20 cos(2m2000t) + 30 cos(2m3000¢t)



Time-Shifting of DT Sequence

Delay

v[n] = x[n - d], where d is integer.

Let, x[n] =[...257691..]

1
o

=X

=X

=X

y[n] = x[n-1]

y[-1] = x[-1-1] =x[-2] = 2
y[O.
y
y

0-1]
1-1]

2-1]

=X

=X

=X

1] =5
0] =7

1]=6

and so on.

So, v[n]=[..257691..]

Advance

v[n] = x[n + a], where a is integer.

Let, x[n] =[...257691 ..]

y[n] = x[n+1]

v[-1] = x[-1+1] =x[0] =7

v[0] = x[0+1] = x[1] =6

v[1] = x[1+1] =x[2] =9

v[2] =x[2+1] =x[3] =1 andsoon.

So, y[n]-= (257691 ..]



Basic Properties of Discrete-Time System

(1) Memory

A system is memoryless if output depends only on present value.

Let, y[n] = T{x[n]} = x*[n], where T{x[n]} means a transform in a system.
Now, y[5] = x4[5], y[17] = x?[17] and so on.

It is memoryless.

Now let, y|n] = T{x|n]} = x|n] + x[n — 2].
Thus, y|5] = x|5] + x|3], it depends on past value.
It needs memory.



continued...
Now let, y[n] = T{x[n]} = x|n] + x|n + 3].
Thus, y|5] = x|5] + x|8], it depends on future value.
It needs memory.

Question: x[n]=[965140703..]; yIn] = T{x[n]} = x[n] — x[n + 1].
Find y[-1], y[O], v[1], y[2], Y[3]. Is this system memoryless?

1] =x[-1] -x[0]=1-4="-3

0] =x[0]-x[1]=4-0=4

1] =x[1] —x[2]=0-7 =-7

2] =x[2]—x[3]=7-0=7

3] =x[3]-x[4]=0-3=-3

ne system depends on future values. So, not memoryless.

—A < < < < <



continued...

(2) Linearity

A system is linear if it satisfies additivity & homogeneity of degree one.
(a) Additivity: For every pair of signal x,[n] and x,[n],
T{x,In] + x;|n]} = T{x1|nl} + T{x,[n]}
(b) Homogeneity of degree one: For every signal x[n] and scalar a,
T{ax[n]} = a T{x[n]}
Combining these two, T{ax,[n] + bx,|n]} = a T{x{|n]} + bT{x,|n]}

For example, let, y[n] = T{x[n]} = x?[n].
2

Now, (x1[n] + x5 [n])?* # (x1%[n] + x,%[n]).
So, it’s non-linear.



continued...

Additivity

o e

—> System —>

Homogeneity
IF

— —

—> System ——>

IF

x,[n] y,[n] X[n] vin|
AND IF THEN
F.- —>» System (——> }———*— System ‘_ﬁ“
X,[n] y,[n] k x[n] k y[n]

THEN

i — System [—>

X;[n]+x,[n] y:[n]+y,[n]




continued...

Question: x4[n] =[2046 ..]; x,[n] =[ 13 27 ..]. Using these sequences,

show if linearity holds for the following system: y[n] = T{x[n]} = x2[n].
yiln] = T{ax,[n] + bx;[n]}

=|@2+1D? 0+3)% @+2)? (6+7)? ..|

=[9 9 36 169 ..]

y2[n] = a T{x,[n]} + bT{x;[n]}
— [ (22 +12) (02 +32) (42 +22) (62 + 72) ]
=[5 9 20 85 ..]

50, Y1 Y2
The system is non-linear.




continued...

Question: x4[n]=[2046 ..]; x,[n] =[ 13 27 ..]. Using these sequences,
show if linearity holds for the following system: y[n] = T{x[n]} = 2x[n].

y1ln] = T{ax,[n] + bx,[n]}
=|22+1) 2(0+3) 2(4+2) 2(6+7) ]
=6 6 12 26...]

y2[n] = a T{x,[n]} + bT{x;[n]}
=[(4+2) (0+6) (8+4) (12+14)..]
=[6 6 12 26..]

50,Y1 =Y>
The system is linear.




continued...

(3) Time-Invariance

A system is time-invariant if for all | IF

ng the input with values x;[n] = { {
x|[n —ny] produces output with — | System |—>
values y,[n] = y|n — ny4]. X[n] yln]

In other words:

(a) Get your output with no

input delay, then delay the output. }———ﬂ }—-
b) Delay the input, then get —> System |[—>
output(. ) ! P ° X[n+s] yln+s]

If both cases are matched, the
system is time-invariant.




continued...

Let, y|n| = T{x[n]} = x|2n]
X[n]=[...abcdefgh..]

yln]=[..bdfh..] ; YI0]=x[0], y[-1]=x[-2], y[1]=x[2], y[2]=x[4]
yq[n]=y[n-1]=[..bdfh..] [outputisdelayed]; y,[0]=y[-1], y;[1]=y[0], y;[2]=Yy[1]
X[n-1] =[...abcdefgh..] input is delayed]

yoln]=[..aceg..] output for delayed input]

Here, y;[n] # y;[n].
So, it’s time-variant.



continued...

Let, y|n| = T{x[n]} = x|3n]
X[n]=[..2438642149597..]

yln]=[..28297..] ; YI0]=x[0], y[-1]=x[-3], y[1]=x[3], y[2]=x[6]
yqln] =y[n-1]=1[..28297..] output is delayed]; y4[-1]=y[-2], y;[0]=y[-1]
X[n-1]1=1...2438642149597..] [input is delayed]

yoIn]=[...3449..] output for delayed input]

Here, y;[n] # y;[n].
So, it’s time-variant.



continued...

Let, y|n| = T{x[n]} = 5x|n]
X[n]=[...412501..]

y[n]=[...20 5 10 25 0 5..]

y¢[n] =y[n-1]=[...20 5 10 25 0 5..] loutput is delayed]; y,[0]=y[-1], y,[1]=y[O]
X[n-1]=[...412501..] input is delayed]
y,[n]=[...20 5 10 25 0 5..] output for delayed input]

Here, y;[n] = y;[n].
So, it’s time-invariant.



Linear Time-Invariant (LTl) System

21
0, n#0
Now let, x|n] = :579241...]

Unit impulse, d[n] = {1' n=0

Now,




continued...

If linearity holds,fthen
k=00

yln] =T + z x|k] 8[n — k]

\fe=—00

\

y,

> —
k

k=oo

x|k] T{6[n — k]}

And, for time-invariance, the impulse response,
h|n] = T{6[n]}
hin — k] =T{6[n — k]}

So, for LTI system,

k=—o

k=oo

k=00
yln) = ) x[k] h[n - k] =
k

hlk] x[n — k]

oo



Convolution Sum Formula

k=oo k=o0
y|n] = 2 x|k] h[n — k] = z hlk] x[n — k]
k=—o00 k=—o00

Using convolution sum, we can predict output for any kind of input
without physically putting on the equipment.

Some properties of convolution:

« Commutative: x[n] * h|n] = h|n] * x|n]
 Associative: (x|n] = h|n]) * w|n] = x[n] * (h|n]
e Distributive: x|n] * (h|n] + w|n]) = x|n] * h|n]

4+ x



(4) Stability

A system is stable if bounded input produces bounded output. [BIBO]
|x[n]| < By ; ly[n]| < B,

We know, y[n] = Y:k=*_ x[k] h[n — k] for LTI system.

For stability of LTI system,

= |y[n]| < B, Z|hn—

So, D r=Z|h[n]| < oo (Necessary & Sufficient condition)
This means, impulse response must be absolutely summable.



Question: Find if the following systems are stable or not:

* y[n] =x[n] = x[n+1]

If input is bounded, then difference between bounded values will
also be bounded. So, the system is stable.

* y[n] =x[n] +7

If input is bounded, then addition of bounded values will also be
bounded. So, the system is stable.
* y[n] = log (x[n])

If O is found anywhere in the sequence x[n], then output
becomes log(0) = — ==. So, the system is unstable.
* y[n] =nx[n]

Even if input is bounded, we don’t know the boundary of n. So,
the system is unstable.



(5) Causality

A system is causal if output depends on present and/or past input.

y[n] = 4x[n] System is causal.

y[n] = 2x[n-1] System is causal.

y[n] = 7x[n] + 5x[n-1] System is causal.

y[n] = 7x[n] + 5x[n+1] System is non-causal.

y[n] = 5x[n+1] System is anti-causal & non-causal.
Note:

1. All anti-causal systems are non-causal, but not the opposite.
2. All memoryless systems are causal.
3. Real-time system can not be non-causal.



continued...

We know, y[n] = Yk=*_ h[k] x[n — k] for LTI system.

or, y[n] = -+ hl-2] + h[~1] + h[0] x[n] +
h[1] x[n — 1] + h[2] x[n — 2] + -

For casual system, future values don’t exist.
So, h[-1] =h[-2] =h[-3]=..=0
Simply, for any LTI system to be causal:

hlk] =0, when k<0



Question: x[n]=[ 12 3], h[n]=[4 5 6 ]. Find the
convolution.

2 3
o 6 5 4
v|0] =4
y[1] = 5+8 = 13 1] 2] 3
v[2] = 6+10+12 = 28 61> 14
v[3] = 12+15 = 27 5 T
y[4] = 18 6 5 4
So, y[n] = [4 13 28 27 18] ' 3
O, yinl =12 6 5 4
1 2
5




Question: x[n]=[12345], h[n]=[456]. Find the
convolution.
v[0] = 12+15+16 = 43 112|345 12|3
y[1] = 18+20+20 =58 4 6|54
v[2] = 24+25 = 49
. 1 2|3 5 23
v[3] = 30 1. oF
y[-1] = 6+10+12 = 28
y[-2] =5+8 =13 1/2(3|4|5 123
y[-3]1=4 6|54 654
So,y[n] =[4 13 28 43 58 49 30] |1]2|3|4|5
54




Convolution (graph)

b

]




Quantization

“Process of mapping
continuous infinite values

to a smaller set of
discrete finite values”




1 i I
L2 (S it - — () 'S

Quantization by Rounding




]
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Quantization by Truncation

A 1A
Lo
T 7
N

3
2
I
0
I
2
3

A




Question: Quantize the sequence using integer rounding and
truncation: x[n]=[7.4 2.3 6.5 5.7 9.2 -0.6 -1.9 0.5 -9.6 -2 -0.5].
Also find the error sequence.

* Rounding: Xq[n]=:z 2769-1-21-10-2 -1]
Error: e[n]=[-0.4 -0.3 0.5 0.3 -0.2 -0.4 -0.1 0.5 -0.4 0 -0.5]
 Truncation: X.[n]=[7 26 590 -10-9 -2 0]

q
Error: e[n] =[-0.4 -0.3 -0.5 -0.7 -0.2 0.6 0.9 -0.5 0.6 0 0.5 ]




SQNR for Rounding

* x[n] = Sample input

xq[n] = Quantized output

e[n] = Quantization error

A = Step size or Resolution

* Xmipn = Minimum of x[n]

* Xmax = Maximum of x[n]

L = Number of level

A
Now, — - < e|n] <

N | D>
W

where
Xmax — Xmin SQNR: Signal to Quantization Noise Ratio

A=
L—-1




continued...

If the signal is sinusoid,
then X, ., = A, Xin= - A

For coding, if number of bits used is b,

X —Xmi 2A 2A
then A= nax IR — 5 ~ =5 [when b is higher]
L—1 2V -1 2

P, Avg Power of Signal

SONR = — =
¢ P, Avg Power of Error

P, =— de = —
€ A—A/Ze ¢ A

1j~A/2 , 1 [83 A/Z AZ

2
And, for sinusoid, P, = A;




continued...

S0, SQNR = (AZ/Z)/(AZ/H) AZ/Z)/ 4A2 ) [ A= z_ﬂ

sz /12

= 5' (2%%)

~ SQNR(dB) = 10log,o(SQONR)

3
= 10log (E (22b)>
3 2b
= 10| log1o 5 +log0(2%?) log(ab) = log(a) + log(b)

= 10(0.176 + 0.6b)
=1.76 + 6b



Question: An A/D converter uses 7-bit uniform rounding
guantization for a sinusoidal signal. Find the SQNR(dB). If 8-bit
was used, what would be the improvement in SONR(dB)? If the
sinusoid’s amplitude is 17, find resolution in both cases.

« For 7-bit, SQNR(dB) = (1.76 + 6 x 7) dB = 43.76 dB

* For 8-bit, SONR(dB) = (1.76 + 6 x 8) dB =49.76 dB
So, the improvement is (49.76 — 43.76) dB, or, 6 dB

* Resolution for 7-bit, Ay = (2 x 17) / (27) = 0.2656
* Resolution for 8-bit, A, = (2x 17) / (28) = 0.1328



Linear Constant-Coefficient Difference Equation
(LCCDE)

yln]l + a;y[n — 1] + a,y[n - 2] + -+ ayy[n — M]

= byx|n] + byx[n — 1] + byx[n — 2] + -+ byx[n — N]

Solution:

* Homogeneous [zero-input], y,[n]
 Particular [steady-state], yp[n]
Total solution = y[n] =y, [n] + yp[n]

x(n)

__._......___F+

}

y(n)

7

i

Delay
by 1

y[n] = X[;] +7 y[n-1]

or, y[n] =7 y[n-1] = x[n]



Example: Find the homogeneous solution of a system
described by the 1st-order difference equation:

y[n|+5y[n—-1]=x[n] - (i)
We know, y,[n] = CiA;" + CoA," + -+ Cy Ay [for order N]
Now, for eqn (i), y,|n] = CA™ [because it is 15t order]
Then, we substitute an assumed solution (for x[n]=0) in egn (i).
AT+ 541 =0
= A"1(1+5)=0
= A =-5
So, the solution becomes y,[n] =C(-5)" - (i)

For n=0 (with x[n]=0), eqn (i) becomes y[0] + 5y[—1] =0
= y[0] = =5y[—1]
For n=0, eqgn (ii) becomes y,[0] = C



continued...
So, C = — 5y|—1]

Then we substitute C in eqgn (ii),

ynlnl = (=5)y[-1](=5)"
= ypln] = (=5)""y[-1]

»yplnl = (=5)""y[-1],n = 0

Note:
If the value of y[-1] is given, it must be included in the solution.

Fory[-11=2, y,[n] = 2+ (=5)"!,n > 0




Example: Find the homogeneous solution of a system described by the

2”0'-_order difference equation:
yln|-3y[n-1]-4y[n-2]=0 (i)

We know, y,[n] = C{A" + CoA," + -+ CyAn [for order N]
Now, for eqn (i), y,[n] = C{A," + C,A," [because it is 2"? order]
Then, we substitute an assumed solution in eqgn (i).

AT =311 — 472 =0

= A""2%(12-31-4)=0

= A2 —-31-4=0
= A=-1,4

So, the solution becomes y;[n] = C; (D" + C,(4)" - (i)

From eqn (i), yIn] = 3y|n — 1] + 4y[n — 2]
~ y[0] = 3y[—1] + 4y[-2]
and,y|1] = 3y[0] + 4y[-1]



continued...
= y[1] = 3@y[-1] + 4y[-2]) + 4y[-1]

= y[1] = 13y[-1] + 12y[-2]

From eqn (ii), yl0] =C, + C,
and,y|1] = —C, + 4C,

~Cy+C, =3y|-1]+4y[-2] - (iii)
and,—C, +4C, = 13y|—1| + 12y|[-2] - (iv)
After solving eqn (iii) and (iv),

—1 4
C; = ?y[—ll + gy[—Z]

16 16
C, = ?)’[—1] + —)’[—2]

1 4 16 16
~ypln] = <?y[—1] + Sy[ ])( D" + (? [—1] +?y[

2o

forn=0



Correlation

“Measure of similarity
between signals”

Use: radar, sonar, GPS etc.

. S >

e Crosscorrelation:

Nn=0~0o

ey = ) xn] yfn 1]
n=—oo
* Autocorrelation:
Nn=0~0o

heD = ) xln]x[n—1]

n=—oo



Convolution vs Crosscorrelation vs Autocorrelation

| ‘H/I N N w ‘X
,i'l_]_?l I\Fnl'i\ m_._m
g*f/[[\ of g8

e rl TN IS
[P N N N AN N




Question: Find rxy[n] and ryx[n] for the following:
x[nJ=[ 746 1],yln]=[1019].

- 1
rxy_O_ = 0+4+54 =58 1o : 9
rxy:1: = 74+0+6+9 = 22
Myl2] =4+0+1 =5 714161

. 1(0(1|9 1
rxy_3_ =6+0=6
ryl4l =1 7]a]6]1
rxyj-l] =7+36 =43 1/10|1|9
rxy:-Z] =63

_ 7|4|6|1
So,rxy[n]—[6343£22561] ol1ls
And,ryx[n]=[16522$4363] 7014161
1/0|1]|9




Question: Find autocorrelation for the following:
x[n]=[7 4 6]

r[0] =49+16+36 = 101
o [1] = 28+24 = 52 !
M 2] =42
rXX:_l] =28+24 =52 7 4
Mo [-2] =42
So, r,,[n]=[42 52 101 52 42] ;
7 | 4
4
7| 4|6




continued...

Normalized Correlation Sequence

- Txn]
PxxIN] = 101
Prylnl] Ty ]

} \/rxx [O] ‘Tyy [O]

For example, if ., [n] =[5 10 20 10 5]
then p,,In] =[0.25 0.5 1 0.5 0.25]



Discrete Time Fourier Transform (DTFT)

n=oo

X(ej‘“)z 2 x[n]e Jon

n=—oo

X(ej‘“) is a continuous function of w, where w = QT..

X(e’®) is periodic with period of 2.
X(ej‘”) = X(ej(a)+27'ck)) where k is any integer

To convert X(ej“)) to x[n], inverse DTFT (IDTFT) is applied:

1 (" . .
x|n| = Ef_nX(ef“’) e/ “Mdw



continued...

o ¢ baln] b X (i)
o //f”““x\y/ff”“H\\w/f”ﬁ““\\
? T T d} "" | | 1 | ""
—101 2 J}l Ln —3r —2n —n 0 7w 2w W
Discrete & Aperiodic Continuous & Periodic
1 (™, . . <~ .
x[n] = %j X(ef“)) el dw X(ef“’) = z x|n]e /¥
-1

n=—oo



continued...

Existence of DTFT Spectra
 Sufficient condition: X(ej‘“) is generally complex.
n= * Magnitude spectrum:
x(e9)| < ) lxln]l < oo X(e/®)]

n=-oo — \/(SR{X(efw)})Z + (3{X(e/®)})?

x[n] must be absolutely summable.
[n] Y able * Phase spectrum:

Then, DTFT converges to a finite

result for all .  (X(e)) = tan" (S (X(ej“’)))

R(X(e/®))

Note: Both are continuous & periodic.



continued...

Unit Impulse Unit Step
1, n=20 11, n=>0
olnl = {o, n %0 uln] = {0, n <0
| [
I ] ‘ I I
*—8—8 @ ._.—ﬁ 9@ ’ F]
|

5[n]=[..000010000...] u[n]=[..000011111..]



Question: Find the DTFT of x[n] = u[n] — u[n-3]

uln] =[..0000011111111...]
u[n-3] =[..0000000011111..
X[n] =[...0000011100000...]
We know,
n=co
X(ej“’) = z x[n]e-Jon
n=—oo

n=0
x[0]e 790 4+ x[1]e /@1 4+ x[2]e /@2
1+e /@ 420



Question: Find the DTFT of x[n] = (1/,)™*u[n]

We know,
n=oo
X(ej“)) = z x[n]e - Jon
n=co n=-e
= > (1) ulnjeem
Nn=—oo
But, u[n] =0 when n<O0.
So,

n=oo
UCOEDNCARNE
) n=0
u[n]

i

This is a convergent geometric series (because
the |ratio| is< 1)

. 1
. jw) —
) X(e ) 1 — 1 —Jjw
5 €
[ using formula S, = — ]

1-r



Question: Find the IDTFT of

\X(e)

| M) << |
X(e]a))= 1, /4__64)_ ./4-
0, otherwise T @)
We know, _ — i : i (e(j%") — e(_JZ"))
. . 2]
x[n] = _j X(ef“)) ejon ., nmn 2j , -
2 )_ = —sin (—n)
| m/e mn 4 . |
= X[Tl] = %f_n/f]am dw [ We know, sin 8 = 619;_]9 ]
11 /4 2 Lan(®
_ jon = x[n] = —-=—sin(—n
T 2m jn S tgn (4 )
1 T
= x[n] = 7 Sinc (Zn)

<Y



continued...
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Some Properties of DTFT

* Linearity
DTFT . _ |
) = ax[n] + b [n] 5 X(e) = aXy (e1°) + by (e)°)

* Time Delay _—
yln] = x|n — k] < Y(efw) — X(ejw)e—jwk
* Frequency Shift _—
y[n] = e/@cnx[n] — Y (eJ®) = X(ef(@-w0)
e Convolution

DTFT _ _ |

)’[n] — X[n] * h[n] «— Y(e]w) — X(e]a))H(e]a))

e Differentiation

yln] = nx[n] lﬂ;y(ejw) =j%(x(ejw))



continued...

* Time Reversal
DTFT

yln] = x|—n <—>Y(ef“’) X(e‘f“))

* Conjugation
DTFT
y|n] = x*[n] <—>Y(ef“)) X" (e f“))

* Modulation

y[n] = x|n ]cos(a)on)ﬂY(ef‘”) = —X(ef(“) “’0)) + — X(e](‘”“‘)o))

e Multiplication
DTFT

1 (™ . .
x[n] = x¢|n] - x,|n] <—>X(e ) = %f X1 (eJT)XZ(e](‘“‘T)) dt
[ A
* Parseval’s Theorem

z |x[n \X(e!w)\ dw

n=—~o



Discrete Fourier Transform *@)
(DFT)

\/ X(kdw)
Va
Recall the DTFT of x[n], . . .
n=o . —TT 0 kéw b4 1éw t+ 27 — Y
X(w) = 2 x|n]e /¥
n==0 We take N equidistant samples in the
Let’s  sample X(f”) periodically in interval 0 < w < 2m with spacing dw = zn
frequency at a spacing of dw. n=co N
21T .
Since X(w) is periodic with period 2m, X(—k) — z x[n]eJ2mkn/N
only samples in the fundamental N —
frequency range are necessary. where k=012 .. N-1



continued...

But, the equally spaced frequency samples | After equidistant sampling of X(w) for N > L,
X (2—n k) do not uniquely represent the &

2T .
N — - — —j2ntkn/N
original sequence x[n] when x[n] has infinite X(k) =X ( N k) z x[nle

duration. n=N-—
Instead, the frequency samples correspond = X(k) = Z x[n]e~J2mkn/N

to a periodic sequence of period N, that is =

an aliased version of x[n]. where k=0,1,2,...,N-1

So, a finite-duration sequence x[n] of length | The N-point inverse DFT (IDFT):
L has a DTFT:

=N-—
n=L-1 _ l z (k)e]27tkn/N
X(w) = z x[n]e™/®":0 < w < 2m N =

n=0 wheren=0,1,2,...,N-1




continued...

Let’s see the DTFT and DFT of x[n] = {

STEN
ru|t‘1'-”-

Hew)
oL

(%)
lf}l—

Jil"l'r =

lmI-1Ur-rm-mT_ﬂn-rrh-mnm-]l .

50

0
2wk
465
N
JTL_

Ji'l,.ll' —

1, 0<sn<L-1
0, otherwise

2wk
Xy =
()
1019y,
r

jhhﬁ%mmmmmgmgm@m&WJ L,

L =10

N=100
T |||| ||||| ||||| |||||| k
‘ 100



Example: Find the 4-point DFT of x[n]=[2 1 7 5]

n=3
X(k) = z x[n]e~J2mnk/4
n=0

wherek=0,1, 2,3
= X(k) = x[0]e® + x[1]e /2™k/* 4 x[2]e~I272k/4 4 x[3]e—/2m3k/4
= X(k) = 2 + e7J™*/2 4 7¢Ik 4 §gJ3mk/2

* X(0)=2+14+7+5=15

e X(1) =24 e /M2 4 7e7JT 4 57J3T/2 = _§ | 4

c X(2)=2+4+e /T 4+ 7eIT2 4 57J3T = 3

* X(3) =2+ e /™3/2 4 7¢7JM3 4 5 =J3M3/2 = 5 _ 4j
Magnitude, | X(k)| =15 6403 3 6.403]
Angle, £X(k) = [0 2467 0 —2.467]



z-Transform

X(z) = z x|n]z™™

where z is a complex variable.

x|n] S X(2)

The Region of Convergence (ROC)
of X(z) is the set of values of z for
which X(z) attains a finite value.

Example: Determine the z-transforms of

the following finite-duration signals:
*x,(n]=[9 2463 1]

X,(z)=922+2z+4+67 1+3772+773,
ROC: entire z-plane except z=0 and z=c°

*X,[n]=[1 07 9 5]

X,(z)=1+72249273+5z274,
ROC: entire z-plane except z=0



More example: Determine the z-transforms of the following
finite-duration signals:
* X3[n]=6[n]
X;5(z)=1 ; ROC: entire z-plane
* X,[n]=6[n—6]

X, (2)=2° ; ROC: entire z-plane except z = 0
* Xs[n]=0[n+7]
Xs(z)=2" ; ROC: entire z-plane except z = o

* Xs[n]=[4 6 0 7]

Xs(2)=423+622+7; ROC: entire z-plane except z = o



Example: Determine the z-transform of the signal:

x[n] = (1/3)nu ]
g =[1 3 () O ) -]

Thus, X(z) = 1 + %Z_l + (%)2 Z %+ (%)3 z73 + (5)4 774+ -

2 3 4
1 1 1 1
— 1+(§Z_1)+(§Z_1) +(§Z_1) +<§Z_1) + -

Recall for infinite geometric series, S, = 1;: , Where |r| < 1
1 _4 1
SO'EZ ‘<1=>|Z|>§
1
-~ X(z) = ;ROC: |z| > =

32



Existence of X(z)

Let, z = re’?, wherer = |z|,and 8 = 4z

n=~o Nn=o~oo

X(z) = z x[n]z™™" = 2 x[n]r~"e=Iom
In the ROC of X(z), IX(;_)| < ® _ _
1X(2)| = z x[n]r"e 1| < z |[x[n]r™"]

So, |X(2)| is finite if x[n]r~"is absolutely summable.
n=—1

X@)I < ) Ixlnlr M+ ) lxfnlr
n=0

n=—oo



continued...

X(2)| < 2|x "|+z|x r|

* ROC for 15t sum consists of all pomts inside a
circle of radius ry

* ROC for 2" sum consists of all points outside a
circle of radius

Thus, X(z) exists if r, <r <1y

difr, > r,, there is no common ROC,
and X(z) doesn’t exist.

mvergence for | X0z



continued...

Recall the example:

1\" z 1 1
xIn] == uln]e X)) = sROC: |z| > =
Eg jl. . ;l; -1 23

3 Z

Similarly,
x[n] = (@)™uln] & X (z) =

————;ROC: |z] > |al

o where a can be real or complex.

7/7/

- /

* ||

’ ‘ Re(2)

' )

N

\
AN




Example: Determine the z-transform of the signal:
x[n] = =5"u[—n — 1]
-1 -1 -1 -1

We get, x[n] = [... -57* —57° —57% —57] = [ 54 53 52 5]
Thus, X(z) = - + (5:) 4_|_( 1) 3_|_( 1) 2+(51) .

(o) ) ) ()

Recall for infinite geometric series, S, = — , where |r| < 1

—-r

lZ‘<1=>|Z|<5

1
W X(z) = — T =1_5_1,R0C |1z| < 5




continued...

Recall the previous example:

1
x|n] = =5"u|—n — 1] <iX(Z) = —:ROC:|z| <5
1—5z"1
Similarly,
1
x|n] = —a™u|—n — 1] <E>X(z) = —: ROC: |z| < |a
1—az 1

where a can be real or complex.
Im(z)

x[n]

o =5 -4 -3 -2-110

Re(z)

lllllllll"“"’_‘_ﬂ ROC/




Example: Determine the z-transform of the signal:

x[n] = a™uln] + b™u[—n

For the 1stterm, ROC: |z| > |a
For the 2" term, ROC: |z| < |b|

= If |a| > |b|, two ROC don’t overlap.

So, X(z) doesn’t exist.

= |If |[a| < |b|, the ROC is ring-shaped.

X(z) exists. ROC: |a| < |z| < |b]

For 2" case,

X(z) =

1 1
1—az 1! 1-—bz1

1]

Im(z)

07

A

T

X

Y
2.9
_ b < ||
/ X(z) does not exist
- %

Re(2)

o <o

z-plane

= Re(2)
2.

ROC for X(2)




ROC Characteristic

Finite-Duration Signal Infinite-Duration Signal
|
|
> )
‘ T / Entire z-plane I ‘
e o oo=o TTTT... except z =0 ’ NTTTT
0 n 7 |4‘HHH 0 -
|

77
/ Entire z-plane I
exceptz=oo . .- ,TTT

0 n 7 | 0 n

' |

7 :

T ‘ T / Entire z-plane I |
_._HTT Tf!qlll exceptz=0 ! TTT TTT!

0 n 7, andz=ee | 0 n

|

(Causal)

(Anti-Causal)
(Two-Sided)



Some Properties of z-Transform

Linearity: x|n] = ax{[n] + bx,[n] Sx (z) = aX{(z) + bX,(2)
Example: Find the z-transform for x|n] = (10(4") — 17(9”))u[n]
We get, x|n] = 10(4™M)u|n] — 17(9™")uln]

= 10x4|n] — 17x,[n]
+ x;[n] = 4™u[n] © X, (2) = ——; ROC: |z| > 4
 x5[n] = 9™u[n] © X,(2) = ——;ROC: |z| > 9
10 17
~ X(z) = .ROC:|z| > 9

1—4z"1 1-—9z1’



continued...

Time-Shifting: y[n] = x|n — k] & Y(2) = z7%X(2)

Example: Using time-shifting, find z-transform for y,[n]=x[n+3] and
y,[n]=x[n-2]; where x[n]=[2 0 5 4 6 3].

Weget, X(z) =2+ 5272 +4z73+62"*+ 327> ROC:|z| >0
Y, (2) = 23X(2)
=223 +5z24+44+ 627143274 R0OC:0 < |z]| <
* Y,(2) = z7%X(2)
=22"245z2*+4z7°>+62z7°+32z"7;ROC:|z| > 0



continued...
Scaling: If x[n] <£>X(Z);R0C:r1 <|z| <m
Then a"x[n] <£>X(a‘12); ROC:

Time Reversal: If x|[n] i)X(z)' ROC:r; <

a

Z

r < |zl <lalr,

<r2

Then x[— ]<—>X(Z_1) ROC:— < 1z| < —

&1

Example: Determine the z-transform for x[n]=u[-n].

Recall that, u[n] & ' ROC:|z| > 1

_Z_l )

1
soul— n]<—>— ROC:|z| < 1

1—~7



continued...

dX(z)
dz

Differentiation: y[n] = nx|n] & Y(z) = -z s ROC unchanged

Example: Determine the z-transform for y[n] = n(6™)u[n]

We recall,
1

x|n] = a™un] <iX(Z) = —: ROC: |z| > |a

1— {lZ 1
x|n] = 6™u|n] <i>X(z) = —: ROC: |z| > |6]

P %

Z
~ yln] = nx|n] <i>Y(z) = —Z ( );ROC: |z| > 6

dz

vy = 2L ) O ROC: 12> 6
2T T az\16z2-1) T (1 —6z-1)2’




continued...

Convolution: x|n] = x;[n] * x,|n] <iX(Z) = X1(2)X,(2)

Example: Using convolution property of z-transform, find
x[n] = xq[n] * x5|n], wherex,=[5 0 7], x,=[2 4]

e X,(z2) =5+7z"%ROC:|z| >0

*X,(z) =2+4z"1R0OC:|z] > 0
= X(z) = X1(2)X,(2)
= X(z)=(5+7z"%)2 +4z71)
=10+ 20z '+ 14272+ 28273;ROC:|z| > 0
~x[n]=[10 20 14 28]



Poles & Zeros for Rational X(z)

bo(z—2)(z—2)...(z— 2z
X(Z) — ZN_M . O( 1)( 2) ( M)
ao(z = p1)(z = p2) ... (2 = pp)
The zeros of X(z) are the values of z for which X(z) = 0
dThe poles of X(z) are the values of z for which X(z) = o
Note:

* ROC of X(z) should not contain any poles.
* If N> M, then X(z) has (N—M) zeros at origin.
* If M > N, then X(z) has (M—N) poles at origin.

* Poles or zeros may also occur at z = o



Example: Determine the pole-zero plot for the signal:
x[n] = 4™u[n]

We recall, Im(z)

077

/ROC 7

ROC: |z| > 4

X(z) = ;
(2) =12,

VA
:X(Z) ZE;ROC: |Z| > 4

X(z) has one zero at z=0 ://

X(z) has one pole at z=4

Re(z)



Time-Domain Behavior with Pole Location
“Causal Sequence x[n] = a™u[n]”

Single Real Pole (Positive) I Single Real Pole (Negative)

z-plane x[n]

0<ax<l1

- S x[n]
= I, e N T
n QJ l s ° n

(I
\

Q
Il
—

@R

Q
V
(U

N - e Himx :
< 2 .
% |

/.:: \
£
)
=
2
X



Time-Domain Behavior with Pole Location
“Causal Sequence x[n] = na™u[n]”

Double Real Pole (Positive) Double Real Pole (Negative)

z-plane X [n]

0<ax<l1

| e[l
RN i = A M A K

1

@

Q
Il
—

_ \
{) J:T[”]T | {

(D

Q
V
—

z-plane x[n] e 1 z-plane
\Z,Jf”” | 2/{:\
T - N

|
|

-

|

|

l [n] I
>¢-z,l,mm H :
, |

|

|

” |

|

@Y



continued...

" Causal real signals with simple
real poles or simple complex
conjugate pairs of poles, which
are inside or on the unit circle,
are always bounded in
amplitude.

" Time behavior of a signal
depends strongly on the location
of its poles relative to the unit
circle.

» Zeros also affect the behavior of
a signal but not as strongly as
poles.

z-plane

O

z-plane

dh

T

%]
=
B
=
m
=




Some Common z-Transform Pairs

na™u[n]
—a"u[-n — 1]
—na™u[-n — 1]
a™ cos(won) u[n]

a” sin(wyn) u[n]

1—az 1

az~ 1

(1—az1)2
1
1—az1

az~ 1

(1 —az™1)2

1—az !cosw,

1—2az 1coswy + a?z=2

az~!sinw,

1—2az 7 1coswy+ a?z~2

{o]e

Entire z-plane

|z| > 1

z| > |al

1z| > |al

|z| < |al

|z| <lal

|z| > |al

1z| > |al



Inverse z-Transform

1
n—-1
x[n] = an X(z)z" 'dz

where C is a counterclockwise closed path encircling the origin and entirely in ROC.

Methods:

 Direct evaluation by contour integration
* Expansion into a series of terms, in the variables z

* Partial-fraction expansion and table lookup



Example: Find the inverse z-transform for

4
X(z) = s ROC: |z| > =
1,98 _, 3
1—-2z +§Z
We get, | | » B A B
2 . T g A Y.
X(2) =— 5 | (z-3)(z-3) z-3 z-3
Z —ZZ+§ | 7 4
2 I —z=A Z_§ +B(Z—§)
= X(2) = |
_4 _2 . Puttingz = 2/,,weget B = —1
) 3) (Z 3) !Puttingz—‘ég wegetA=2
X(2) z | 5 3, WEE
— — :
~ 4 ) Xz 2 —1
(z=3)(=-3) : Ty T At 2
X(z) A B - 3 3
Z - 4+ 2 I — X(2) = 2 1
Z—§ Z—§ I Z) = 4



continued...

2 1 4 .
X(z) = 1_32_1 — 1_§Z_1;R0C- |z| > 3 T (i)

So, x[n] is causal, and both terms in eqgn (i) are causal terms.

wxln] =2 (g)" uln] — (;)n uln|

« What if ROC: |z <§?

So, x[n] is anti-causal, and both terms in eqn (i) are anti-causal terms.
n

wxln] = -2 G) ul-—n-—1| + (g) ul-n —1]



continued...

* What ifROC:% < |z] < %?

So, x[n] is two-sided, and one term in eqgn (i) is causal, another is anti-causal.

For ROC to exist (overlap):

2 .
" |z| > 3 provides causal part.

4 . .
" |z]| < 3 provides anti-causal part.

~x[n] =-2 (g)" ul-n—1] - <E>n ufn]



Example: Find the inverse z-transform for

"t DZ-12 z+1 z-1"Gz-1?

= x[n] = <% (—1)" +§+ 1n>u[n]
=2z =A4(z-1)*+Bz+1DEz-1D+C(z+1)

4 2

1 .
X(z) = 01200212 ;s x[n] is causal
We get, !After solving, A=1/,;B=3/,;C =1,
_ z’ ' X(2) 1/4 3/4 1/2
X(Z)_(Z+1)(Z—1)2 : "z zz+1+z—1+(z—1)2
o __ = | Yo, 3, Cl)
7 G+ Dz-17 | =X@=1+§ﬁd_;fwyiﬂy
X(z) A B c ! , 5 1
=, TZ+1 717 Gz=1)2 = x[n] = 2 (=D)"uln] + 7 W™uln] + Zn(1) uln]
z? A B C :
|
|



Example: Find the inverse z-transform for

V) — 2z~ 1 _
(2) = 1—-2z71+22z72"
2Z |
We get, X(2) = 722747 |
ﬁX(Z) B 2 |
oz (z-@+))z-a-))
X(z) A A
— _Z—(1+j)+z—(1—j)

After solving, A = —j; A" =j

X(2)

_ T

J

Z

_Z—(1+j)

_|_

z—(1-))

x|n] is causal

—j N ]
1-(1+)Hzt 1-1-)zt
~x[n] = (=@ + )N+ - )NMuln]

= X(z) =

.Formula: Ap™ + A*(p*)™ = 2|A| - |p|™ cos(wn + 0)
where 4 = |Ale/and p = |p|e’®

= x[n] = (Z(ﬁ)n COS (gn — g)) uln]

|
|
|
| ~ox[n] = (Z(ﬁ)n sin (% n)) uln]
|
@
|

Note: Here, A = —j = 1e—JT/2
p=1+j=+2e/"/4



System Function H(z)

H(z) represents the z-domain characterization of a system, whereas h[n] is the
corresponding time-domain characterization of the system.

y[n] = x[n] * hin] & Y (2) = X(2)H (2)
Y(2)

X(z)

Example: Determine the system function and the impulse response of the causal

H(z) =

system described by the difference equation: y[n] = %y[n — 1] + 7x[n]

Computing the z-transform of this | Y (2) 1
difference equation, | = H(z) = X(2) = T ;ROC: |z| > T
1 : Z 1 — gz—l

Y(z) = c27'Y(2) + 7X(2) | >\
I : _
1 . s~ hin] =7 (—) uln]
= Y(2) (1 — —Z_l) = 7X(z) | >
5 I Note: This system has pole at !/ and zero at origin.




Example: An LTI system has h[n] = §[n] + 0.56[n — 1].
Find the system’s unit step response.

We get, H(z) =1+ 0.5z"1; ROC:|z| > 0
—__ROC:|z| > 1
1-z
1+05z71
1—z"1
v = — 1 257 Roci iz > 1
SR PP R 12
s~ yln] =uln] + 0.5u[n — 1]

And, x[n] = u[n] iX(Z) =

~Y(z) =H(2)X(z) =




Example: Compute the step response of a causal LTI system
with zero at 1, pole at 3, and H(O) = 4. Also find the LCCDE.

Let,H(z)=k-g=H(O)=4=k-E=>k=12

HD) =12 27— 12. 227 rociial > 3
A B T P
And, x|n] = u|n] <i>X(z) = 1_i_l;ROC: |z| > 1

1-z1 1 12
~Y(z)=H(2)X(z) =12- ROC:|z| > 3

1-3z1 1-2z1 1-3z1
s y[n] = 12(3)"u(n]
Y(2) 1—-z7t 12-12z71

= H =12 - —
X~ 1@ 1-3z1 1-3z1

s yln] — 3y|n — 1] = 12x|n] — 12x[n — 1]




Causality & Stability with z-Transform

* An LTI system is causal if and only if the ROC of H(z) is the exterior of a
circle of radius r < oo, including the point z = oo.

* An LTI system is BIBO stable if and only if the ROC of H(z) includes the
unit circle.

A causal LTI system is BIBO stable if and only if all the poles of H(z) are
inside the unit circle.



Example: An LTI system is characterized by the following system
function:

1

H(z) =
(2) 1—35z71+15z72
System is non-causal. Specify ROC of H(z). Determine h[n]. Find stability.

After partial-fraction expansion, we get:

—1 6
H(z) = 1/5 + 7 —{’)52—1
1 —7Z_1

Since the system is non-causal (given), ROC:% <|z| <3

1/1

h[n] = —§<§> uln] —2(3)"11[—71 — 1]

ROC contains “unit circle”, so the system is stable.



continued...

~1 5/
5 5
H(z) = +
(z) . %z—l T3, 1
What if the system is causal? | What if the system is anti-causal?
ROC: | 1
e 1zl >3 ) i ROC: |7| < -
— _ _ 1= . n ' n
h[n] = : <2> uln] + : (3)™u[n] : < ] = é(%) Wl — 1] —2(3)"u[—n 1

ROC doesn’t contain “unit circle”,

>0 | ROC doesn’t contain “unit circle”, so
the system is unstable.

| the system is unstable.



Pole-Zero Cancellation

When a z-transform has a pole that is at the same location as a zero,
the pole is cancelled by the zero.

»H(z) itself - order of the system reduced by one.

»Product of H(z) and X(z) = pole of the system suppressed by zero in
X[n], or vice versa.

By proper selection of the zeros of x[n], it is possible to suppress one or
more system modes in the response of the system.

By proper selection of the zeros of H(z), it is possible to suppress one or
more modes of x[n] from the response of the system.



Example: Find h[n] for a causal system is described by the following LCCDE:
yln] = 2.5y|n — 1] — y|n — 2] + x|n] — 5x[n — 1] + 6x[n — 2]

We get, y[n] — 2.5y|n — 1] + y|n — 2] = x[n] — 5x|n — 1] + 6x[n — 2]

Applying z-transform,
Y(z) —25z71Y(2) +z7%Y(2) = X(2) = 527X (2) + 622X (2)
= Y21 -25z14+2z9)=X=2)A -5z + 6272

z2=5z+6  (z—2)(z-3)

7z2—-25z+1 (z—2)(z—-0.5)
zZ—3 Z—O.5—2.5_ 2.5

Z—O.5: z—0.5 1_2—0.5

5z71 1
= H(z) =1- T O.SZ‘l;ROC: |z| > 5
~ h[n] = 6[n] — 2.5(0.5)" tu[n — 1]

— H(z) =




Example: A causal LTI system is described by:

y|n]

5 1
~yln = 1] = =y[n — 2] + x[n]

Find the input signal that will cancel the nearest pole to the origin. Also

find system response for that input.

Y(2) (1 — EZ‘l + 1Z‘2> = X(2)

6 6
. _Y(Z)= 1
..H(Z)—X(Z) 1_22_1+%2_2
= H(z) = -

(1-927)(1-37)

This system has two real poles at 1/, and 1/

System ROC: |z| > %

! The nearest pole is at 1/5 (to be cancelled).

| So, X(z) must be (1 — %Z_l) sROC: |z| > 0

|
i .'.x[n]=5[n]—%5[n—1]

i Now, Y (2) = H(2)X(2) = —

I 1—5Z

s ROC: |z| >%



continued...

 What if you want to cancel the farthest pole from the origin?

1
) -5

The farthest pole is at 1/, (to be cancelled).

So, X(z) must be (1 — %Z_l) tROC:|z| >0

xln] = 6[n] 5 6[n 1]
Now, Y(z) = H(z)X(z) = 1_11 — s ROC:|z| > %

—Z
3




Example: A cell phone signal x|[n] is distorted by multipath reflections
off of city buildings. What your cell phone receives is not x|n] but y|n],
where y[n] = x[n] — 0.75x[n — 1] + 0.125x|n — 2]. Can you find a

filter that recovers x|n] from y[n]?
z[n] — | hin] | — y[n]

z[n] — (h[n]| = y[n] —|g[n] | — z[n]

We need to compute the inverse filter g|[n] that can undo the effect of h[n].

_Y@) _ 1 2
H(z) = X 1—-0.75z7" 4+ 0.125z
z?> —0.75z + 0.125
= H(z) = >
Z
We want hn| * g[n] = §[n], which implies H(z)G(z) = 1.
2
Z
G =y T 2= 0752 + 0125



continued...

2

Z
=6 = 05z =025
_ G(z) Z

z  (z—-0.5)(z—-0.25)
:G(Z)_ 2 N —1
z z—05 z-—0.25
— G(2) = 27 B Z
2 =705 z—025
2 1
= G(2) =

1—05z"1 1-0.25z"1
s gln] = 2(0.5)™u|n] — (0.25)™u[n]



Digital Filter

Use:

Signal separation (e.g.
EKG contaminated with
noise)

Signal restoration (e.g.
image captured with
shaky camera)

Analog vs Digital

* Analog filters are cheap, fast, and have a
large dynamic range.

* Digital filters are vastly superior in the
level of performance.

Digital Filter Type

i.  FIR Filter: has Finite Impulse Response
carried out by convolution]

IR Filter: has Infinite Impulse Response
carried out by recursion]




Filter Parameters

Every linear filter has
* impulse response
 step response

* frequency response

Some info about dB:

Every 20 dB means that the
amplitude has changed by a
factor of 10.

-3 dB means that the
amplitude is reduced to
0.707, and the power is
reduced to 0.5.

Amplitude

Amplitude

0.3 T T

|u. Impulse response |
I I

0 ]

01—

I
1
I
]
1
I
-r
I
1
I
]
1
I

LY

| c. Frequency response

Amplitude

1
0 32 4

Sample number

l Integrate

I
LI | 0.2 03 0.4 0.5

Frequency

l 20 Log( )

e e e ——— e e ———— —_— F—— -

Amplitude (dB)

d. l-'rlequenc:,' Ire:apnnsel (in dB) I |
I

e ——————— e ——— —_— p—— -

1.5 : I
| b. Step response |,
| |
(1 R F
|
1
1
i
11 U IR S—
1
1 1
1 1
1 1
1 1
0.0 N R —
1 1
1 1
1 1
1 1
i i
0.5 ; ;
hd

Sample number

i .
0.1 0.2 0.3 0.4 0.3
Frequency



Information is Represented in Signals

» Step response describes how information represented in the time
domain is being modified by the system.

* Frequency response shows how information represented in the
frequency domain is being changed.

Good performance in the time domain results in poor performance in
the frequency domain, and vice versa.

Example:

Filter for noise removal from an EKG: step response is the important
parameter, and frequency response is of little concern.

Filter for a hearing aid: frequency response is all important, while step
response doesn't matter.



Time Domain Parameters of Digital Filter

=]

a. Slow step response

Amplitude
=
L]

o
7

-0.5

16

1

1

!

32 48 64
Sample number

1 1
e. Nonlinear phase ]

=]

—

Amplitude
=
L

!

0.0

-0.5

16

3z 48 64
Sample number

b. Fast step response |

=}

r"

Amplitude
=
L

0.0
1 1 1
1 1 1
0.5 } ! ]
0 16 3z 48 64
Sample number
1.5 N
| f. Linear phase
1.0
L]
o
2
;i ) ‘r
g
) J
0.0
0.5
0 16 3z 48 64

Sample number

Amplitude

=]

=
n

c. Overshoot

1
d. No overshoot |

=]

Amplitude
=
L

2
=

0.0

-0.5

st

0.5

16 3z
Sample number

48

64 0

Better:

16 3z
Sample number

48 64

v Fast step response
v'No overshoot
v'Linear Phase



v' Good stopband attenuation
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Low-Pass Filter to High-Pass Filter
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All-pass

—>{ h[n]
> J[n]

x[n]

—> y|n]

pass

High

x[n] ——> 0[n] - h[n]

b. High-pass
in a single stage




Band-Pass & Band-Reject Filter from LPF & HPF

a. Band-pass by Low-pass High-pass Low-pass

a. Band-reject by

cascading stages —\ ‘ /7

X[n] —— hy[n] ———> h,[n] ——> y[n]

adding parallel stages —\

—> h,[n]
x[n] :3@—' y[n]
—> hy[n]

Band-pass .
?n ﬁ?ggl—gﬁ;ge ‘ ’ b. Band-reject Band-reject
i i /_\ in a single stage \l
X[n] > h[n] * h,[n] ——> y[n] x[n] ——{ h,[n] + h,[n] ——> y[n]




Moving Average Filter

z x[i+j]
For example, a 5-point MA filter:
x[80] + x|81] + x|82] + x|83] + x[84]
y[80] =

5
x|78] + x[79] + x[80] + x[81] + x[82]
Alternatively, y[80] — :
A 5-point filter has the filter kernel: [...0 0 % % % % % 00...]

That is, MA filter is a convolution of the input signal with a rectangular
pulse having an area of unity.

Remember: MA filter is an FIR filter.



continued...

a. Original signal

Amplitude

—————I——————————

0

J
[
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Sample number

I
I
I
I
I
I
I
I
]
]

0

500

Amplitude

Amplitude

The amount of noise reduction is equal to the square-root of the number

of points in the average.
For example, a 100 point moving average filter reduces the noise by a

factor of 10

0

b. 11 point moving average
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—— ] —— — ——

1
|
|
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|
|
|
|
|
|
|
|
1
I
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Sample number

1 !
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1
| | | 1
| | | 1
| | | 1
I I I I

l = T——————- .| T———————1
| | 1
| | 1
| | 1
| 1
| 1
| 1
| 1
| 1

01-=- T B il r T ~
| | | 1
| | | 1
| | | 1
| | | 1
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| | | 1
| | | 1
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Frequency Response of MA Filter

* MA is an exceptionally good smoothing filter.

* But, MA is an exceptionally bad low-pass filter.

Frequency response of an M-point MA filter:
HIf) 1 sin(tfM)
M sin(nf)

1.2

Amplitude
=
T

—TT———"

T T— "7 ———"°7"———71

0-4*——-57 ———————————— b
# |
= |
02—t yod—e=am b N -
=i A |
: 1){ i A
0.0+—— [ N2 o
0 0.1 0.2 0.3 0.4 0.5

Frequency



Windowed-Sinc Filter

Time Domain Frequency Domain

15 | I | 1.5 I I | |

b. Ideal filter kernel a. Ideal frequency response

. I A . . . _ . .
. Y . a While this infinite length (in time
£ )5 - = domain) .|s .nc.>t a problem for
z E mathematics, it is a show stopper for

0.0 0.0 computers.

0.5 0.5 | 4

-50 .25 ] 25 50 0 fe 0.5
Sample number Frequency
]5 | | | 15 | | | |
¢. Truncated-sinc filter kernel d. Truncated-sinc frequency response ] ] ] ]

o ' | | P PR P | | Now there is excessive ripple in the
5 ﬂ 5 \ | passband and poor attenuation in
:;L 0.5 g § 0.5 . the stopband.
< < i\ | Increasing the length of the filter

. -n__a Lk !
o — | o0 i i kernel does not reduce these
—_ahruptend | !
0.5 i ! ! 05 ! .: I L problems.
0 M 0 I 0.5

Sample number Frequency




continued...

1.5

Windowing comes to the rescue!

e. Blackman or Hamming window

(=1
=
=

0.5

Amphtude

0.0

-0.5

i

1.5

M
Sample number

(=1
o
=

f. Windowed-sinc filter kernel

Amphtude

L

-0.5

0

M
Sample number

Multiplying the truncated-sinc (c),
by the Blackman or

window

(e)l

results

Hamming
the

windowed-sinc filter kernel shown

in (f).

1.5

—
-
=

Amphtude
&

0.0

0.5

g. Windowed-sinc frequency response

\

The passband is now flat, and the

\

stopband attenuation is so good it
cannot be seen in this graph.

0

[

Frequency

0.5



Window: Hamming vs Blackman

* Hamming Window: - S S— —
| a. Blackman and Hamming window |
= 0.54 — 0.46 cos | 22 L
w|n] = 0.54 — 0.46 cos 73 L — ; | . _______
* Blackman Window: S R V.. B 5
(n] = 042 — 0.5 cos [ 2= + 0.08 (47m) |
win| = 0. .5 cos [ .08 cos I . !

. | | .
0 10 20 0 40 50
Sample number

Comparison:

Hamming has about a 20% faster roll-off than Blackman.
Blackman has a better stopband attenuation (—74 dB) than Hamming (—53 dB).
Blackman has a passband ripple of about 0.02%, while Hamming is typically 0.2%.

Conclusion:

In general, Blackman should be your first choice; a slow roll-off is easier to handle
than poor stopband attenuation.
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|
| b. Frequency response |
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Designing the Windowec

-Sinc Filter

1.5

Parameters:
» Cutoff frequency, fc o

a. Roll-off vs. kernel length

»Length of the filter kernel, M + 1

Value for M sets the roll-off:
4

Amplitude

0.5

BWtran ~ M 0.0
0

| ]
I I I !
0.1 0.2 0.3 0.4 0.5
Frequency

Both f- and BW,.,, are expressed as
fraction of the sampling rate. Thus, they

1 1 1 1
b. Roll-off vs. cutoff frequency | i
I I I 1
I M=60 | '
1 1

must be between 0 and 0.5. 10

fc is measured at the one-half amplitude
point.

Amplitude

0.5

0.0

0

I l ] ]
0.1 0.2 0.3 0.4 0.5
Frequency



continued...
Filter Kernel: (Blackman LPF)

h[n] = K sinc/| 2 ( M) 0.42 — 0.5 cos [ ™) + 0.08 (
n| = K sinc| 2mfc [ n > . > COS| — 08 cos | —

4nn)

for0<n<M

K is chosen to provide unity gain at zero frequency (normalizing coefficient).

M must be an even integer.

Filter kernel Step response Filter kernel
0.10 T . 1.2 : : 0.10 . .
a. f. =0.015 Lo b. f. = 0.015 N c. f. =0.04 i
0.08+-{ M = 500 - M = 500 / 0.08+-1 M = 500
0.8 -
o 0.06 o / L, 0.06
2 Z 06 2
= 0.4 = I 2, 0.04
0.02 A } < 0.02
[\ ] i
-0.02 0.2 -0.02
0 100 200 300 400 500 0 100 200 300 400 500 ] 100 200 300
Sample number Sample number Sample number

Step response

w
= 0.6

£ 0.4

1.2 I I

1 1
Lol [& = 0.04) o

M = 500 v
0.8
0.2
0.0 ~ch v)'\ J
v

0.2

200 300 400 500
Sample number



Example: EEG pattern containing alpha rhythm occurs between 7 and 12 Hz, and
beta rhythm occurs between 17 and 20 Hz. Design a Blackman LPF that can separate
alpha from beta rhythms. The EEG signal was digitized at a samplmg rate of 100
sample/second. Set your transition bandwidth at 4 Hz. L5

Let, fc = 14 Hz = 0.14 of sampling rate.

a. Low—pass ﬁlter

[a—
-
—

|
8 I ™ e
| | |

Given, BWiran = 4 Hz = 0.04 of sampling rate. 2
M=—x =% 100 forpe FLHE
T BWiran  0.04

—
—
—
—

l |
0 0.1 0.2 0.3 0.4 0.5
Frequency

h|n] = K sinc (anc (n — %)) . (0.42 — 0.5 cos (ZME) + 0.08 cos (4%”))

= K sinc(0.28m(n — 50)) - [ 0.42 — 0.5 cmn +0.08 (4nn)
= SINC| V. mT(n . .0 COS 100 COS 100

for0 <n <100



Kaiser Window

§ = min{6,, &}
fl — ‘_;2()1()2;1()6;

0.1102(4 —8.7), A >50
B =<0.5842(4 — 21)°* + 0.07886(4 — 21), 21 <A <50
0, A<21

A-—8
2.285(ws — wp)
e M+ 1isthelength of the window.

* [5is the shape parameter.
Large values of [ result in reduced

ripple.

M =even[

1+0p

1
1-3,

passband regio




continued...

.
n — 0.5M\?
o B |1 _( 0.5M )
wln] =+ \
Iy(B) ’
\ 0, otherwise James Frederick Kaiser

where I,(+) is the Ot-order modified Bessel function of the 1t kind,
that can be easily generated using:

v'A Kaiser Window is nearly optimum in the sense of having the most energy in its
main-lobe for a given side-lobe amplitude.



Example: Design an FIR LPF using Kaiser window according to the
following specifications

0.99 < |H(e/?)| <1.01 0<|w|<0.19x
|H(e’®)| < 0.01 02l < |w| <m

Solve:

§ = min{§,, 8} = min{0.01,0.01} = 0.01

A= —-20log,y 6 = —20log;0.01 = 40

B = 0.5842(A — 21)%* + 0.07886(4 — 21) = 0.5842(19)%* + 0.07886(19)
= B = 3.395

A-8 1 40 — 8
2.285(ws — wy)| - 12.285(0.217 — 0.197)

= even|222.8] = 224

M = even[



continued...

.
n— 0.5M\*
o) B |1- ( 0.5M )
wln] = < \ 0 < <M
lo () |
L 0, otherwise
I5(0.0304v224n — n?) 0 < <994
= wn] = I,(3.395) ’ ==
0, otherwise

~ h[n] = hy[n] - wn]
where hy[n] = K sinc(0.2n(n — 112))

A

Wy + w5 0197 +0.217
We=7"7H % 2

— We = 0.2




IR (Recursive) Filter

y[n] = box[n] + byx[n — 1] + byx[n — 2] + byx[n — 3] + -
+a,y[n — 1] + a,y[n — 2] + azy[n — 3] + -

a,, a,,as, ..., by, b1, by, bs, ... are called Recursion Coefficients.

lIR filters execute very rapidly, but 3-stage Recursive Filter
have less performance and flexibility
than other digital filters.

In theory, recursive filter convolves
the input signal with a very long filter
kernel, although only a few
coefficients are involved.




Amplitude

Amplitude

1.5

Digital Filter
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Digital Filter

1.5

HPF
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Proper coefficient selection can also make the digital
recursive filter mimic an analog RC HPF or LPF.
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continued...

Coefficient Selection:
(Single Pole IIR Filter)  « physically, K is the amount of decay

> LPF: between adjacent samples.
b =1—-K * For example, K = 0.87 means that the value
a, =K of each sample in the output signal is 0.87
> HPF: the value of the sample before it.
_1+K * The higher the value of K, the slower the
07 2 decay.
__1+K c0<K<1
! 2 e K = e 2™fc, where fc = —3 dB cutoff frequency.

a1=K



continued...

ASingle Pole Recursive Filter in action:
K = 0.95 (for LPF), K = 0.86 (for HPF)

1.5 T T T T 1.5 T T T T
! ! : : ! ! : :
a. Original signal ‘ : : b. Filtered signals : :
i i | | i i | |
1L.O0------—- T T [ I Lo~ i R I I
| | | | | ' | |
"3 | i | | S | i | low-
= I I I I = I I I Ow-pass
= 0.5+-——---- !— ——————— !— ————— I ——Jlr ———————— = 0.54——--——- :r _______ ,:. _______ b 1:. ________
= =
< I | | I < I I I '
| | | | | | |
| | | | | | | |
1)1 ER— R R — Fomm S—— 0.0 ! R '
| | | | | . | |
| | | | | [high-pass | | |
| | | | | | | |
| | | | | | | |
0.5 } i i ! -0.5 i ] i i
0 100 200 300 400 500 0 100 200 300 400 500
Sample number Sample number

Remember: Single Pole Recursive Filter performs well in the time-domain, and poorly in the
frequency-domain. Performance at higher f (with respect to sampling rate) is terrible!



Special: 4-stage Recursive LPF

[comparable to the Blackman, but faster]
Coefficient Selection:

by = (1 - K)*
a; = 4K

a, = —6K?*
as = 4K3
a, = —K*

where K = e~ 14445fc



Amplitude

Narrow-band Filters

Band-Pass Filter Band-Reject Filter
by =1-K; by = K1
b, = 2(K; — K,) cos(2mf) by = —2K; cos(2nf)
bzszz—K1 b, = K;
a; = 2K, cos(2m a, = 2K, cos(2m
1 . 2 2 (2mf) where K, =1 — 3(BW); 1 2 _( f%
a, = —K; 2 a, = —K,
. 1 — 2K, cos(2nf) + K,
1 2 — 2 cos(2mf)
L5 | | | | - i ‘ i |
a. Banld-pass frelquency relsponse .‘ f —center frequency b. Banld-reject f?equency :‘esponse :
- BW =bandwidth measured . ; | |
| at 0.707 amplitude | € | ; ; ;
[both expressed as fraction of | & i i i
051 sampling frequency] RO AR A | | SN R— I—
0.0+ 0.0 ; ! ; E
0 0.1 0.2 03 0.4 0.5 0 0.1 0.2 0.3 0.4

Frequency Frequency

0.5



Phase Response

Zero Phase Filter Linear Phase Filter
0.25 . . i 2.0 . i i 0.25 , i 96 | y 2.0
(,_20__.‘ a. Impulse response L__ b. Phase c. Pulse response (,_20_4 d. Impulse response L__ 6 e. Phase ‘ f. Pulse response ‘
L s T 15
0.15 - 0.15 —
Z Z 12 .
7} =] 5] L5} g
< 0.10 = s 10 = 0.10 = g L Fh-
= ] = A ] =
= = = = = 0 =
£ 008 3 Eos £ 005 2 E0s
= =32
0.00-4 — — A 0.00 S e . ~ \
0.0 — 0.0
0.05 -0.05 b4 gy
-0.10 0.5 -0.10 -96 0.5
25 0 25 50 02 03 04 05 25 0 25 50 100 25 0 25 50 0 01 02 03 04 05 25 50
Sample number Frequency Sample number Sample number Frequency Sample number
Nonlinear Phase Filter
0.25 " " 12 r r 2.0 i i i i
U-Z['“-l g. Impulse response L__ g h. Phase ‘ 1. Pulse response ‘
T 15
0.15 JE -
I »
L] = [*]
E 0.10 2 g0
i(] 05 r 1‘ 5" B
0 [w S
£ 4
-}
0.00 S P—]
3 0.0 .
-0.05
-0.10 -12 0.5
25 0 25 50 0 01 02 03 04 05 0 25 50 75 100
Sample number Frequency Sample number

* What is so wrong with nonlinear phase? Many applications cannot tolerate the left and

right edges looking different. This can be misinterpreted as a feature (terrible)!!!

* h|n] of recursive filter is not symmetrical between left and right, therefore has a
nonlinear phase.




